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A Reduced-Order Method for Coherent Transport
Using Green’s Functions

Ulrich Hetmaniuk, Dong Ji, Yunqi Zhao, and Manjeri P. Anantram

Abstract— A reduced-order method is presented to efficiently
calculate Green’s functions connecting contacts or leads to all
the points in a nanostructure in the coherent transport limit.
The proposed approach samples a small subset of spatial grid
points on the lead and a small subset of energy grid points
to build a reduced-order model. The efficacy of the algorithm
is demonstrated by applying it to calculate both the electron
density and transmission in a resonant tunneling structure,
a MOSFET, and a bilayer graphene device. The match in features
of both the electron density and transmission versus energy with
conventional methods to model devices is excellent while a large
reduction in computational time is demonstrated.

Index Terms— Device modeling, graphene, quantum transport,
reduced-order method (ROM).

I. INTRODUCTION

QUANTUM mechanical effects play an important role in
determining the characteristics of many nanoelectronic

devices. Examples include devices, such as tunnel transistors,
superlattice-based quantum cascade devices, and resonant
tunneling diodes, where the wave nature of electrons are
essential to device operation. In modeling these devices, the
calculation of charge and current densities is computationally
the most expensive step. Algorithms to speed up the com-
putation are important and fall into two categories. The first
category involves exact methods [1]–[4]. The second category
involves approximate methods, where the dimensionality of
the problem is greatly reduced from that of the exact methods.
The contact block-reduction method [5] is one such method
belonging to the second category, which expresses the current
density (or transmission) between leads in terms of eigenstates
of the corresponding closed system. A relatively small number
of well-chosen eigenstates suffices to obtain an accurate
approximation of the transmission function. The contact
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block-reduction method incorporates a model-order reduction
as it solves a small linear system of equations. Eigenstates are
also used in [6] to build a reduced-order model by projecting
the k · p Hamiltonian into a smaller subspace consisting of
sub-bands in the cross section of a nanowire. The low-rank
approximation method [7] transforms the transport problem
from the original basis representation to a reduced basis
composed of eigenfunctions for the free particle Hamiltonian
with the Neumann boundary conditions.

For many applications, computing eigenstates remains a
challenging numerical task. An alternative approach to build
a reduced-order model relies on matching moments and does
not require any eigenstate but only a few solutions of linear
systems of equations. André and Aïssi [8] used this technique
to calculate the electric field in waveguides. Huang et al. [9]
employ moment matching for quantum transport. They
combine, in the context of the wave function approach,
a Padé approximation and an efficient sampling of energy
points. Moment matching has also been shown to be effi-
cient without an explicit Padé approximation in circuit
simulation [10]–[12].

In this paper, we propose a reduced-order method (ROM)
based on moment matching to calculate the electron and cur-
rent densities in nanodevices. Our method is based on finding
an approximate solution to Green’s functions at all energy
points. The approximation is obtained from a combination
of a small number of precisely computed Green’s functions
that are selected automatically by sampling a subset of energy
and spatial points in every lead. In Section II, we discuss the
equations for coherent quantum transport; and in Section III,
we present our ROM. Section IV demonstrates the efficiency
of our proposed approach on examples of current technological
relevance.

II. REVIEW OF EQUATIONS FOR COHERENT TRANSPORT

Green’s function formalism solves for the retarded Green’s
function Gr (E) at energy E

[E I − H − �L(E) − �R(E)]Gr (E) = I (1)

where H is the system Hamiltonian and �α(E) is the
self-energy at energy E due to the coupling between the
device and the lead (α = L, R stand for the left and right
leads in Fig. 1). The charge density at grid point q, nq is
expressed in terms of Green’s function elements Gr

q L and Gr
q R ,

which connect grid point q in the device to all grid points in
the device that are connected to contacts L and R using the
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Fig. 1. Central region represents the grid points in the device. The two
regions to the left and right represent the grid points in the leads. Only a
small subset of Green’s functions between the grid points connected to the
leads (red boxes) and all grid points in the device are required to calculate the
electron density. An even smaller subset of Green’s functions only between
the device grid points connected to the leads (the two red boxes) are required
to calculate the transmission.

relationship [13]

nq = 2
∫

d E

2π
Gr

q L�<
L L

(
Gr

q L

)† + Gr
q R�<

R R

(
Gr

q R

)† (2)

where �<
L L and �<

R R are the in-scattering self-energies and
have nonzero elements between the device grid points con-
nected to a lead, and have been defined in the following. The
current from leads L to R is then expressed as

J = 2e

h

∫
d E TL R(E) [ fL(E) − fR(E)] (3)

where e is the electron charge and h is Planck’s constant. The
equilibrium distribution function within lead α = L, R, which
is the Fermi function, is denoted by fα(E). The transmission
function from leads L to R is given by

TL R(E) = tr
(
�L L(E)Gr

L R(E)�R R(E)
(
Gr

L R(E)
)† )

(4)

where tr is the trace operator. �αα is given by

�αα(E) = ι(�αα(E) − (�αα(E))†) (5)

and α = L, R and ι = √−1. The self-energies are
�<

L L = ι�L L fL and �<
R R = ι�R R fR .

According to (2), the electron density can be evaluated from
knowledge of only a small subset of all Green’s function
elements. The required subset of Green’s function elements
are those that connect all device grid points to those device
grid points that are connected to contacts L and R (Fig. 1).
The evaluation of the transmission requires an even smaller
subset of Green’s functions, which connects only those grid
points that are connected to leads. The evaluation of Green’s
functions between the grid points connected to contact L and
all other device grid points are obtained by solving a system
of equations of the form

[E I − H − �L(E) − �R(E)]Gr
L(E) = IL (6)

where the right-hand side is a column vector with n rows and
mL columns. n is the total number of device grid points and
mL corresponds to the number of device grid points connected
to the left lead. The nonzero elements of IL have an entry
of unity and their location is defined by rows and columns,
which correspond to the same device grid point connected
to lead L. If the grid points in Fig. 1 are labeled as vertical
layers, the nonzero elements of IL will form an identity matrix
of size equal to mL ×mL . Similarly, the evaluation of Green’s

functions from the device grid points connected to contact
R and all other device grid points are obtained by solving a
matrix of the form

[E I − H − �L(E) − �R(E)]Gr
R(E) = IR (7)

where the right-hand side is a column vector with n rows and
m R columns. m R corresponds to the number of device grid
points connected to the right lead. The nonzero elements of
IR are defined in a manner identical to IL except that they
correspond to the device grid points connected to the right
lead. Currently, (6) and (7) are solved without further approxi-
mations and this is referred to as the full-order method (FOM).
The solution of the FOM uses efficient exact linear solvers that
exploit the sparsity of the matrices.

Remark: For many ballistic simulations, the quantum
transmitting boundary method (QTBM) [14] computes the
transmission function, the currents between leads, and the
electron density more efficiently than the outlined approach
based on (6) and (7). Further investigation would be needed to
combine QTBM with the reduced-order approach as described
in the following.

III. REDUCED-ORDER METHOD

We consider a device region that is connected to a number
of leads represented by α (Fig. 1 corresponds to the case with
two leads). The equation for the retarded Green’s function
between device grid points connected to lead α and all other
device grid points are obtained by solving[

EI − H −
∑
α

�α(E)

]
Gr

α(E) = Iα. (8)

The matrix Iα is rectangular with only a few nonzero entries
depending on lead α, as shown in (6) and (7). The dimension
of matrix Gr

α is n × mα , where mα is the number of grid
points in the device connected to lead α. We seek to find a
unitary matrix Vα with dimension n × s such that

Gr
α(E) ≈ Vα g̃α(E) (9)

where g̃α(E) is Green’s function of reduced dimension s × s
and Vαg̃α(E) is a good approximation of Green’s function Gr

α
in (8). Substituting (9) in (8) and premultiplying by V†

α , we
obtain the equation for g̃α

[EI − H̃ − �̃L(E) − �̃R(E)]g̃α(E) = V†
αIα (10)

where H̃ = V†
αHVα and �̃α = V†

α�αVα are the reduced
Hamiltonian and self-energy matrices, which are of
dimension s × s. We now need to find a unitary matrix Vα

that does not depend on energy E . To find Vα, we calculate
the precise Green’s functions in (8) for a select subset
of: 1) spatial grid points q̃i in lead α and 2) energy grid
points Ẽi . The set of these precisely calculated Green’s
function is represented by

Wα = [
Gr

q̃1
(Ẽ1), . . . , Gr

q̃s
(Ẽs)

]
. (11)

Vα is obtained from (11) by Gram–Schmidt orthogonalization
(or a QR factorization).
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The overall quality of the approximation depends on the
selection of samples q̃i and Ẽi , and the size of the reduced-
order model s. The selection of samples q̃i and Ẽi to construct
Wα (and subsequently Vα) and to determine the dimension s
in (11) is discussed now. Starting from an empty matrix Wα,
we insert new columns in the matrix Wα until the residual
norm

‖[EI − H − �L(E) − �R(E)]Vαg̃α(E) − Iα‖ (12)

is smaller than a chosen tolerance τ for any energy in the range
Emin < E < Emax. Note that evaluating the residuals in (12)
is much cheaper than solving (8) for one energy value E . The
expression in (12) requires solving a system of s equations to
compute g̃α(E) and doing a set of vector multiplications with
sparse matrices.

The initial set of insertions into Wα are column vectors
at energy Emin and Gr

q̃(Emin), where the grid points q̃ lie
in lead α and are chosen to enforce the largest decrease in
the residual norm in (12). These insertions are continued until
the residual norm becomes smaller than the tolerance τ . The
second set of insertions into Wα are at E = Emax, and
column vectors Gr

q̃ (Emax) are added to the matrix Wα until

the residual norm becomes smaller than τ . At this point, the
approximation is accurate for energies Emin and Emax but the
residual norm may not be smaller than the tolerance τ at all
energies in the interval Emin < E < Emax. In that case,
one repeats the above procedure for the next energy point
E∗ where the residual norm is the largest. Vectors Gr

q̃(E∗)
are added to the matrix Wα following the previous procedure.
The algorithm stops when it cannot find a value E∗ where the
residual norm is larger than the tolerance τ . In the examples
presented below, the points Emin < E∗ < Emax are chosen to
be Chebyshev points which traditionally have good interpola-
tion properties [15]. Empirical knowledge and/or eigenvalue
information may be used to adapt the energy sampling and to
improve the quality of the resulting reduced-order model.

As a summary, we now have the unitary matrix Vα , which
does not depend on energy E , and Green’s function g̃α

of reduced dimension [defined by (10)]. Using these two
quantities in (9) gives us the approximate Green’s functions
connecting all grid points in the device to the grid points
connected to lead α. This approximation is next inserted
into (2) to efficiently calculate the electron density and into (3)
to efficiently calculate the transmission.

IV. NUMERICAL MODELING OF DEVICES

In this section, we demonstrate the proposed method using
the examples of realistic devices. The first device that we
consider is a double-barrier resonant tunneling diode, which
consists of sharp resonances through which transport occurs.
The second example we consider is a MOSFET, where
transport occurs mainly above the barrier through step-like
transmission features at quantized energy levels in the
2-D channel. The third example considered is a bilayer
graphene device where transport occurs by hopping of elec-
trons between graphene layers, a device that has shown
to exhibit negative differential conductance. While the
Hamiltonian in the double-barrier and MOSFET device are

Fig. 2. Potential for the rectangular nanodevice.

based on the effective mass equation, the Hamiltonian in the
bilayer graphene example is based on tight binding.

We remark that all times reported are the total times, which
include all aspects of the computation. In the case of FOM,
these timings contain the evaluations of Gr

L , of Gr
R , and

of the transmission functions at nE energy values as well as
the charge density nq . The total time for the ROM includes
the construction of VL and VR , the evaluations of VL g̃L(E),
of VR g̃R(E), and of the resulting approximations for the
transmission function at nE energy values as well as the charge
density nq . All the simulations are performed with MATLAB
on a MacBook Air 1.7-GHz Intel Core i5 and 4-GB 1333-MHz
DDR3.

A. Resonant Tunneling Device

We consider a 2-D double-barrier resonant tunneling device
with Lx = 10 nm and L y = 15 nm. There are hard walls
at x = 0 and x = Lx , and semi-infinite boundaries with
a potential energy of zero for y < 0 and y > L y ; these
are reflection-less semi-infinite contacts. The effective mass
Hamiltonian is discretized using the finite difference scheme
with a single isotropic effective mass of m∗ = 0.25 mo. Fig. 2
shows the potential present over the rectangular device.

We first consider a uniform spatial grid that is composed of
Ny = 75 layers in the y-direction, where each layer has
Nx = 50 grid points. The conduction band offset of 400 meV
at the barrier–well interface occurs over two adjacent grid
points. The transmission is calculated using both the FOM
and ROM proposed in the previous section with a tolerance
of τ = 10−2. The same linear solver is used to solve the FOM
and develop the ROM.

Fig. 3 compares the transmission obtained in the range
of energies 0 < E < 0.4 eV. We find that the resonances
are accurately reproduced in magnitude, energy location, and
width. The computational time using the FOM is 87 s, while
our reduced-order model takes only 25 s. For each contact,
the size of the reduced-order model is s = 116 � 3750. The
number of energy values nE is set at 401.

Fig. 4 shows the electron density obtained in the range
of energies 0 < E < 0.4 eV. The maximum relative error
between the FOM computation and its ROM approximation is
less than 0.03%.
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Fig. 3. Plot of the energy versus the transmission.

Fig. 4. Electron density for the nanodevice. The density shows a peak in
the well due to the occupied resonance. The illustrated calculation uses the
results from the ROM and matches the results from the FOM.

Fig. 5. Comparison of I–V characteristics obtained from FOM and ROM
simulations with different tolerances.

Fig. 5 shows the I–V characteristics for this resonant
tunneling device when a potential difference is applied
between the two contacts and the potential varies linearly
across the device. For a tolerance τ = 10−1, the I–V
characteristics from the ROM simulations deviate from the

Fig. 6. Samples (q̃i , Ẽi ) whose collection is used to build the ROM.

TABLE I

SIZES OF ROM AND TIMINGS AS A FUNCTION OF FOM

reference computations. Decreasing the value of τ improves
the quality of the I–V characteristics. When the tolerance is
τ = 10−2, the I–V characteristics from the ROM simulations
match the I–V characteristics computed with the FOM.

Fig. 6 shows the x-coordinates of the grid points, q̃i , located
on the device layer adjoining the left lead (at y = 0) and the
corresponding energy values Ẽi . Each sample (q̃i , Ẽi ) yields
a precisely calculated Green’s function Gr

q̃i
(Ẽi ), collection of

which builds WL and the set of orthonormal vectors in VL .
Overall, the samples are sparsely distributed over the energy
interval of interest and among the grid points on lead L.
A similar distribution of samples occurs for the right lead.

We make a few remarks of how the calculations scale with
dimension of both spatial and energy grid points. First, to
evaluate Green’s function Gr

L(E) at nE energy values, the
FOM computation solves Nx nE = 50nE linear systems (8),
each with n = 3750 equations. On the other hand, the
ROM approximation solves s = 116 linear systems (8) with
n = 3750 equations to construct the matrix VL followed by
the solution of Nx nE = 50nE linear systems (10), each with
s = 116 equations. The ROM approximation becomes more
advantageous as the number of energy values nE increases.
The second remark is that the reduced-order model is also
more effective as the number of spatial grid points becomes
large. To demonstrate this, we keep the device dimensions
Lx and L y fixed but decrease the grid spacing by doubling
both Nx and Ny . The conduction band offset at the barrier–
well interface still occurs over two adjacent grid points. It is
observed in Table I that the speedup increases as the number
of grid points increases. Table I shows only a very modest
increase in the size of the reduced-order models. Relative to
FOM, the ROM performs increasingly better as the system size
increases. The total time including the ROM setup is given in
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Fig. 7. Contour plot of potential profile. The source and drain regions are
connected by the channel, all of which are in various shades of blue. The oxide
is shown in red, embedded in which is the gate contact (shown in blue).

Fig. 8. Transmission between source and drain.

the last column. The portion of the total time required for
ROM setup is given in the bracket of the last column. The
timings include the calculation of both the electron density and
transmission. The number of energy values nE is set at 401.

B. MOSFET

We consider a silicon MOSFET with Lx = 92 nm and
L y = 60 nm (Fig. 7). The thickness and width of the oxide
are 2 and 25 nm, respectively. The source, drain, and gate
contacts are semiinfinite and periodic. Fig. 7 also shows a
contour plot of the potential.

The Hamiltonian is discretized using the finite difference
scheme with the number of grid points in the x- and
y-directions equal to Nx = 185 and Ny = 121. The trans-
mission between the source and drain contacts resulting from
both the FOM and ROM methods are shown in Fig. 8. The
ROM is constructed with the tolerance τ = 10−2. The ROM
yields the correct transmission with very high fidelity. Both
the location of the steps in transmission and the step heights
are accurately reproduced.

The absolute error between the electron densities obtained
from the FOM computation and the ROM approximation are
presented in Fig. 9 (the electron density is four orders of
magnitude larger).

Fig. 9. Absolute error on electron density between the FOM computation
and the ROM approximation. The absolute error is at least four orders of
magnitude smaller than the electron density at each grid point. Note that we
also calculate the electron density in the gate contact.

Fig. 10. Model bilayer graphene device. The separation between the two
layers is 3.1 Å.

We construct reduced-order models for the three contacts:
gate, source, and drain. For the tolerance τ = 10−2, the three
separate unitary matrices, Vgate, Vsource, and Vdrain, each have
22 385 rows and, 417, 307, and 197 columns, respectively.
For this simulation, where nE = 500 energy values were
used, the total time for the FOM is 1274 s. The total time
for the ROM including setup and calculation of the electron
density and transmission is 365 s, yielding a speedup of 3.5.
The construction of the ROM took 245 s and the evaluation
of the electron density and transmission took 120 s. Note that
if the number of energy points is larger within the window of
energies in Fig. 8, the time taken for construction of the ROM
does not change.

C. Graphene Nanoribbon

In the third example, we demonstrate the reduced-order
model in bilayer graphene nanoribbon. Graphene devices with
insulators between them and bilayer graphene devices are
being researched for applications such as resonant tunneling
devices [16]–[19]. We first demonstrate the applicability of our
ROM approach here for a device consisting of two graphene
sheets. The graphene sheets have a width of Nx = 32
perpendicular to transport and have an overlap of Ny = 32
layers along the transport direction (Fig. 10).

The Hamiltonians are constructed using the nearest neighbor
tight binding parameters proposed in [20], where each carbon
atom has nonzero entries in the Hamiltonian for hopping to
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Fig. 11. Transmission versus energy for a bilayer graphene device.

TABLE II

TIMINGS FOR THE FOM AND THE ROM AS A FUNCTION OF THE

NUMBER OF ENERGY VALUES, nE . THE FOM SIZE IS 2176

WHILE THE ROM SIZE IS 39

the nearest neighbors both within a graphene sheet and to
the neighboring graphene sheet. That is, there are three atoms
within a graphene sheet to/from where electrons can hop to
each carbon atom, and three additional atoms to which they
can hop in the neighboring sheet. The procedure to construct
the reduced-order model remains the same as in the previous
two examples. The transmission between the left and right
contacts resulting from both the FOM and ROM are shown
in Fig. 11.

The ROM yields the correct transmission with very high
fidelity. The ROM is constructed with the tolerance τ = 10−2

and the two separate unitary matrices, VL and VR , have
2176 rows and 39 columns. For this simulation, where
nE = 251 energy values were used, the total time for the
FOM is 11 s, and the total time for the ROM method is
2.8 s, yielding a speedup of four. Table II lists the total time
for the FOM and ROM. The data indicate that the timings
verify tFOM ≈ 0.046nE and tROM ≈ 2.0+0.003nE . The ROM
approximation becomes more advantageous as the number of
energy values nE increases.

Finally, we comment on how the calculations scale with
the width, Nx , perpendicular to transport and the number
of overlapping layers, Ny , along the transport direction. The
number of energy values nE is set at 501.

The timings include the calculation of both the electron
density and transmission. The total time including the ROM
setup is given in the last column. The portion of the total time
required for ROM setup is given in the bracket of the last
column.

It is observed in Table III that the ROM remains faster than
the FOM. However, the speedup decreases with increase in

TABLE III

SIZES OF ROM AND TIMINGS AS A FUNCTION OF

Nx AND Ny (HERE nE IS SET AT 501)

size of the device, in contrast to the double-barrier resonant
tunneling structure. The underlying reason for this is that
when Nx and Ny increase in the bilayer graphene device, the
physical dimensions of the device change. As a result of this,
Green’s functions, and the corresponding transmission and
electron density change significantly. In contrast, for the case
of the double-barrier resonant tunneling structure, an increase
in the number of grid points (matrix size) did not lead to an
increase in the features in the underlying Green’s functions
because the underlying devices dimensions did not change.

V. CONCLUSION

We have proposed an ROM to speed up the modeling of
nanoscale devices in the phase coherent limit. This approach
is capable of calculating both the current and electron density.
The proposed approach is based on constructing appropriate
unitary matrices from the full-order model over a small subset
of energies and contact grid points. This model has been
implemented to calculate the phase coherent properties of
nanodevices based on both the discretization of the
continuum Green’s function equations and the tight binding-
based Green’s function equations. Speedup of between three
and seven times has been demonstrated for examples involv-
ing double-barrier resonant tunneling diodes, MOSFETs, and
bilayer graphene device. We hope that this paper will spur
interest in the further development of ROMs to model nanode-
vices both in the phase coherent limit and with decoherence.
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