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Modeling of Nanoscale Devices

Devices and components subject to quantum and atomistic effects, such as

layered semiconductor structures, nanoscale transistors, carbon nanotubes and

nanowires may be modeled using quantum analysis and simulation methods.
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DmiTr1 E. N1koNOV, Senior Member IEEE

ABSTRACT | We aim to provide engineers with an introduction
to the nonequilibrium Green’s function (NEGF) approach, which
is a powerful conceptual tool and a practical analysis method to
treat nanoscale electronic devices with quantum mechanical
and atomistic effects. We first review the basis for the
traditional, semiclassical description of carriers that has served
device engineers for more than 50 years. We then describe why
this traditional approach loses validity at the nanoscale. Next,
we describe semiclassical ballistic transport and the Landauer-
Buttiker approach to phase-coherent quantum transport.
Realistic devices include interactions that break quantum
mechanical phase and also cause energy relaxation. As a
result, transport in nanodevices is between diffusive and phase
coherent. We introduce the NEGF approach, which can be used
to model devices all the way from ballistic to diffusive limits.
This is followed by a summary of equations that are used to
model a large class of structures such as nanotransistors,
carbon nanotubes, and nanowires. Applications of the NEGF
method in the ballistic and scattering limits to silicon
nanotransistors are discussed.
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I. INTRODUCTION

Semiconductor devices operate by controlling the flow of
electrons and holes through a device, and our understand-
ing of charge carrier transport has both benefited from and
driven their development. When Shockley wrote, “Electrons
and Holes in Semiconductors” [22], semiconductor physics
was at the frontier of research in condensed matter physics.
Over the years, the essential concepts were clarified and
simplified into the working knowledge of device engineers.
The treatment of electrons and holes as semiclassical
particles with an effective mass was usually adequate.
Electronic devices were made of materials (e.g., silicon,
gallium arsenide, etc.) with properties (e.g., bandgap,
effective mass, etc.) that could be looked up. For most
devices, the engineer’s drift-diffusion equation provided a
simple but adequate description of carrier transport. Today
things are changing. Device dimensions have shrunk to the
nanoscale. The properties of materials can be engineered by
intentional strain and size effects due to quantum confine-
ment. Devices contain a countable number of dopants and
are sensitive to structure at the atomistic scale. In addition to
familiar devices like the metal-oxide—semiconductor field-
effect transistor (MOSFET), which have been scaled to
nanometer dimensions, new devices built from carbon
nanotubes, semiconductor nanowires, and organic molecules
are being explored. Device engineers will need to learn to
think about devices differently. To describe carrier transport
in nanoscale devices, engineers must learn how to think
about charge carriers as quantum mechanical entities rather
than as semiclassical particles, and they must learn how to
think at the atomistic scale rather than at a continuum one.
Our purpose in this paper is to provide engineers with an
introduction to the nonequilibrium Green’s function
(NEGF) approach [5], [8], [9], which provides a powerful
conceptual tool and a practical analysis method to treat small
electronic devices quantum mechanically and atomistically.
We first review the basis for the traditional, semiclassical
description of carriers that has served device engineers for
more than 50 years in Section II. We then describe why this
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traditional approach loses validity at the nanoscale. Next, we
describe semiclassical ballistic transport in Section III and
the Landauer—Buttiker approach to phase-coherent quantum
transport in Section IV. Realistic devices include interactions
that break quantum mechanical phase and also cause energy
relaxation. As a result, transport in nanodevices is between
diffusive and phase-coherent. We introduce the NEGF
approach, which can be used to model devices all the way
from ballistic to diffusive limits, in Section V. This is
followed by a summary of equations that are used to model a
large class of structures such as nanotransistors, carbon
nanotubes, and nanowires in Section VI. An application of
the NEGF method in the ballistic and scattering limits to
silicon nanotransistors is discussed in Sections VII and VIII,
respectively. We conclude with a summary in Section IX.
The Dyson’s equations and algorithms to solve for the
Green’s functions of layered structures developed in [23] are
presented in Appendixes II and III. These appendixes can be
skipped by the reader whose aim is to gain a basic
understanding of the NEGF approach to device modeling.

I1. SEMICLASSICAL TRANSPORT: DIFFUSIVE

Electrical engineers have commonly treated electrons as
semiclassical particles that move through a device under
the influence of an electric field and random scattering
potentials. As sketched in Fig. 1, electrons move along a
trajectory in phase space (position and momentum space).
In momentum space, the equation of motion looks like
Newton’s law for a classical particle

dhk

e =V, Ec(7,t) 1)

where k is the crystal momentum and E¢ is the bottom of
the conduction band. In position space, the equation of
motion is

— =—-VE(k) (2)

)out- scattering

in-scattering

X

Fig. 1. carrier trajectories in phase space showing free flights along a
trajectory interrupted by scattering events that begin another free
flight. p is momentum and x is position.

where E(k) describes the band structure of the semicon-
ductor. The right-hand side of (2) is simply the velocity of
the semiclassical particle, and in the simplest case it is just
hk/m*. By solving (1) and (2), we trace the trajectory of a
carrier in phase space as shown in Fig. 1.

Equations (1) and (2) describe the ballistic transport of
semiclassical carriers. In practice, carriers frequently
scatter from various perturbing potentials (defects, ionized
impurities, lattice vibrations, etc.). The result is that
carriers hop from one trajectory in phase space to another
as shown in Fig. 1. The average distance between
scattering events, the mean-free-path [, has (until recently)
been much smaller than the critical dimensions of a
device. Carriers undergo a random walk through a device
with a small bias in one direction imposed by the electric
field. To describe this scattering-dominated (so-called
diffusive) transport, we should add a random force
(Fs(7,t)) to the right-hand side of (1)

dhk
o —V,Ec(7,t) + Fs(7, t). (3)

It is relatively easy to solve (1) and (3) numerically.
One solves the equations of motion (1) and (2) to move a
particle through phase space. Random numbers are chosen
to mimic the scattering process and occasionally kick a
carrier to another trajectory. By averaging the results for a
large number of simulated trajectories, these so-called
Monte Carlo techniques provide a rigorous, though
computationally demanding, description of carrier trans-
port in devices as described in [7].

Device engineers are primarily interested in average
quantities such as the average electron density, current
density, etc. (There are some exceptions; noise is important
too.) Instead of simulating a large number of particles, we
can ask: what is the probability that a state at position 7,
with momentum HI;, is occupied at time t? The answer is
given by the distribution function, f(7, lz, t), which can be
computed by averaging the results of a large number of
simulated trajectories. Alternatively, we can adopt a
collective viewpoint instead of the individual particle
viewpoint and formulate an equation for f(7,k,t). The
result is known as the Boltzmann transport equation (BTE)

of . qE 4
T v vf-Lug=cs @

where E is the electric field and Cf describes the effects of
scattering. In equilibrium, f(F,k,t) is simply the Fermi
function, but in general, we need to solve (4) to find f.
Once f(F, k, t) is known, quantities of interest to the device
engineer are readily found. For example, to find the
average electron density in a volume () centered at
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position 7, we simply add up the probability that all of the
states in {2 are occupied and divide by the volume

nG0) = 5 SR, )
k

Similarly, we find

Current Density
Pt QZ Qf (7, k,

Kinetic Energy Density

= & S ER D %
k

(6)

Energy Current Density

QZE (R)VF(F, k, t)

]El’t

(8)

where q is the absolute value of the electron charge. This
approach provides a clear and fairly rigorous description
of semiclassical carrier transport, but solving the six-
dimensional BTE is enormously difficult. One might ask if
we cannot just find a way to solve directly for the
quantities of interest in (5)—(8). The answer is yes, but
some simplifying assumptions are necessary.

Device engineers commonly describe carrier transport
by a few low-order moments of the Boltzmann transport
equation (4). A mathematical prescription for generating
moment equations exists, but to formulate them in a
tractable manner, numerous simplifying assumptions are
required [13]. Moment equations provide a phenomeno-
logical description of transport that gives insight and
quantitative results when properly calibrated.

The equation for the zeroth moment of f(7, k, t) gives
the well-known continuity equation for the electron
density n(r, t)

on(F, 1
= —V,F, +G, — R, 9
o + 9
where F, is the electron flux
= _an- (10)

G, the electron generation rate and R, the electron
recombination rate. Equation (9) states that the electron
density at a location increases with time if there is a net

flux of electrons into the region (as described by the first
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term minus the divergence of the electron flux) or if
carriers are being generated there. Recombination causes
the electron density to decrease with time. Any physical
quantity must obey a conservation law like (9).

The equation for the first moment of (7, k, t) gives the
equation for average current density [(6)] projected on the
x-axis

0] nx 2 dWxx 2 nx
Tuw _ 29Wax | 14" p  Tux 1)
ot m dx m* Tm

Each term on the right-hand side of (11) is analogous to the
corresponding terms in (9). The current typically changes
slowly on the scale of the momentum relaxation time 7,
(of order of subpicosecond time) so the time derivative can
be ignored and (11) solved for

2 dW,,
]nx = nq/uanx + ~ MUn (12)
3 dx
where
qTm
Hn = — (13)
m

is the electron mobility and we have assumed equipartition
of energy so that W,, = W/3, where W is the total kinetic
energy density. This assumption can be justified when
there is a lot of isotropic scattering, which randomizes the
carrier velocity. Equation (12) is a drift-diffusion equation;
it says that electrons drift in electric fields and diffuse
down kinetic energy gradients. Near equilibrium

3
so when T is uniform, (12) becomes
dn dn
]nx = onnEx + kBT,Ufn e ”qﬂnEx + qDﬂ W (15)
dx dx

the drift-diffusion equation. By inserting (15) in the
electron continuity equation (9), we get an equation for
the electron density that can be solved for the electron
density within a device. This is the traditional and still
most common approach for describing transport in
semiconductor devices [18].

Since most devices contain regions with high electric
fields, the assumption that W = 3nkgT/2 is not usually a
good one. The carrier energy enters directly into the
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Fig. 2. The average velocity (v) versus electric field (E) for electrons in
bulk silicon at room temperature.

second term of the transport equation (12) but also enters
indirectly because the mobility is energy dependent. To
treat transport more rigorously, we need an equation for
the electron energy.

The second moment of f(7, k, t) gives the carrier energy
density W(7, t) according to (8). The second moment of the
BTE gives a continuity equation for the energy density [13]

aW__d]—W‘i']an W_WO

T T (16)

where W is the equilibrium energy density and 73 the
energy relaxation time. Note that the energy relaxation
time is generally longer than the momentum relaxation
time because phonon energies are small, so that it takes
several scattering events to thermalize an energetic carrier
but only one to randomize its momentum.

To solve (16), we need to specify the energy current.
The third moment of f(7, k, t) gives the carrier energy flux
Jw(7,t) according to (8). The third moment of the BTE
gives a continuity equation for the energy flux

where jip and D are appropriate energy transport mobility
and diffusion coefficient [13].

Equations (9) and (15)-(17) can now be solved self-
consistently to simulate carrier transport. Fig. 2 sketches
the result for uniformly doped, bulk silicon with a constant
electric field. At low electric fields, W ~ 3nkpT/2, and we
find that (v,) ~ p,E,. For electric fields above ~10* V/cm,
the kinetic energy increases, which increases the rate of
scattering and lowers the mobility so that at high fields, the
velocity saturates at ~107 cm/s. In a bulk semiconductor,
there is a one-to-one relation between the magnitude of the
electric field and the kinetic energy, so the mobility and
diffusion coefficient can be parametrized as known
functions of the local electric field. The result is that, for
bulk semiconductors or for large devices in which the
electric field changes slowly, there is no need to solve all
four equations; we need to solve the carrier continuity and
drift-diffusion equations with field-dependent parameters.

Electric fields above 10* V/cm are common in
nanoscale devices. This is certainly high enough to cause
velocity saturation in the bulk, but in a short, high field
region, transients occur. Fig. 3 illustrates what happens for
a hypothetical situation in which the electric field abruptly
jumps from a low value to a high value and then back to a
low value again. Electrons injected from the low field
region are accelerated by the high electric field, but energy
relaxation times are longer than momentum relaxation
times, so the energy is slow to respond. The result is that
the mobility is initially high (even though the electric field
is high), so the velocity can be higher than the saturated
value shown in Fig. 2. As the kinetic energy increases,
however, scattering increases, the mobility drops, and the
velocity eventually decreases to ~107 cm/s, the saturated
velocity for electrons in bulk silicon. The spatial width of
the transient is roughly 100 nm; modern devices

Tw = WgE +d(DEW) a7) frequently have dimensions on this order, and strong
v o dx velocity overshoot should be expected.
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Fig. 3. The average steady-state velocity (solid line) and kinetic energy (dashed line) versus position for electrons injected into a short slab of

silicon with low-high-low electric field profile.
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The example shown in Fig. 3 demonstrates that it is
better to think of the mobility and diffusion coefficient as
functions of the local kinetic energy rather than the local
electric field. What this means is that (9) and (15)-(17)
should all be solved self-consistently to simulate carrier
transport in small devices. Device simulation programs
commonly permit two options: 1) the solution of (9) and
(15) self-consistently with the Poisson equation using
mobilities and diffusion coefficients that depend on the
local electric field (the so-called drift-diffusion approach)
or 2) the solution of (9) and (15)-(17) self-consistently
with the Poisson equation using mobilities and diffusion
coefficients that depend on the local kinetic energy (so-
called energy transport or hydrodynamic approaches).
Solving the four equations self-consistently is more of a
computational burden, but it is necessary for when the
electric field changes rapidly on the scale of a mean-free-
path for scattering. Actually, numerous simplifying
assumptions are also necessary to even write the current
and energy flux equations as (15) and (17) [13]. The most
rigorous (and computationally demanding) simulations
(so-called Monte Carlo simulations) go back to the
individual particle picture and track carriers trajectories
according to (2) and (3). Drift-diffusion and energy
transport approaches for treating carrier transport in
semiconductor devices have two things in common: the
first is the assumption that carriers can be treated as
semiclassical particles and the second is the assumption
that there is a lot of scattering. Both of these assumptions
are losing validity as devices shrink.

III. SEMICLASSICAL TRANSPORT:
BALLISTIC

Consider the “device” sketched in Fig. 4(a), which consists
of a ballistic region attached to two leads. The left lead
(source) injects a thermal equilibrium flux of carriers into
the device; some carriers reflect from the potential
barriers within the device, and the rest transmit across
and enter the right lead (drain). A similar statement
applies to the drain lead. The source and drain leads are
assumed to be perfect absorbers, which means that carriers
impinging them from the device travel without reflecting
back into the device. To compute the electron density,
current, average velocity, etc., within the device, we have
two choices. The
semiclassical particles, and the Boltzmann equation is
solved to obtain the distribution function f(7,k,t), as
discussed in the previous section. The second choice treats

first choice treats the carriers as

the carriers quantum mechanically, as discussed in the
next section. In this section, we will use a semiclassical
description in which the local density-of-states within the
device is just that of a bulk semiconductor but shifted up or
down by the local electrostatic potential. This approxima-
tion works well when the electrostatic potential does not
vary too rapidly, so that quantum effects can be ignored. To
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= =
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Fig. 4. Sketch of a ballistic device with two leads that function as
reservoirs of thermal equilibrium carriers. (a) Device and the two
leads. (b) Energy band diagram under equilibrium conditions (V;, = 0).
(c) Energy band diagram under bias (V;, > 0).

find how the k-states within the ballistic device are
occupied, we solve the Boltzmann transport equation (4).
Because the device is ballistic, there is no scattering, and
Cf = 0. It can be shown [13] that the solution to the BTE
with Cf = 0 is a function of the electron’s total energy

E = Ec(x) + E(k) (18)

where Ec(x) is the conduction band minimum versus
position and E(k) is the band structure for the conduction
band. We know that under equilibrium conditions
sketched in Fig. 4(b), the proper function of total energy
is the Fermi function

1

= o

(19)

E—Er

o)
where the Fermi level Er and temperature T are constant
in equilibrium.

Now consider the situation in Fig. 4(c), where a drain
bias has been applied to the ballistic device. Although two
thermal equilibrium fluxes are injected into the device, it
is now very far from equilibrium. Since scattering is what

drives the system to equilibrium, the ballistic device is as
far from equilibrium as it can be. Nevertheless, for the
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ballistic device, the relevant steady-state Boltzmann
equation is the same equation as in equilibrium. The
solution is again a function of the carrier’s total kinetic
energy. At the leads, we know that the solution is a Fermi
function, which specifies the functional dependence on
energy. For the ballistic device, therefore, the probability
that a k-state is occupied is given by an equilibrium Fermi
function. The only difficulty is that we have two Fermi
levels, so we need to decide which one to use.

Return again to Fig. 4(c) and consider how to fill the
states at x = x;. We know that the probability that a k-state
is occupied is given by a Fermi function, so we only need to
decide which Fermi level to use for each k-state. For the
positive k-states with energy above Etop, the top of the
energy barrier, the states can only have been occupied by
injection from the source, so the appropriate Fermi level to
use is the source Fermi level. Similarly, negative k-states
with energy above ETop can only be occupied by injection
from the drain, so the appropriate Fermi level to use is the
drain Fermi level. Finally, for k-states below Etop, both
positive and negative velocity states are populated
according to the drain Fermi level. The negative velocity
k-states are populated directly by injection from the drain,
and the positive k-states are populated when negative
velocity carriers reflect from the potential barrier.

Ballistic transport can be viewed as a special kind of
equilibrium. Each k-state is in equilibrium with the lead from
which it was populated. Using this reasoning, one can
compute the distribution function and any moment of it
(e.g., carrier density, carrier velocity, etc.) at any location
within the device. Fig. 5 shows that computed distribution
function in a ballistic nanoscale MOSFET under high gate
and drain bias [21]. A strong ballistic peak develops as
carriers injected from the source are accelerated in the high
electric field near the drain. Each k-state is in equilibrium

Ballistic peaks

Fig. 5. The computed carrier distribution function within a nanoscale
MOSFET under high gate and drain bias. (From [21].)

with one of the two leads, but the overall carrier distribution
is very different from the equilibrium Fermi-Dirac distribu-
tion. When scattering dominates, carriers quickly lose their
“memory” of which lead they were injected from, but for
ballistic transport, there are two separate streams of carriers:
one injected from the source and one from the drain.

To evaluate the electron density versus position within
the ballistic device, we should compute a sum like (5), but
we must do two sums: one for the states filled from the left
lead and another for the states filled from the right lead

n(x) =2 OLf(E) +2)  Or()fe(E)  (20)
ky kg

where f; and fg are the equilibrium Fermi functions of leads
L and Rand O (x) is a function that selects out the k-states
at position x that can be filled by lead L or R according to the
procedure summarized in Fig. 4. The factors of “2” in
(20) correspond to summation over spin states. It is often
convenient to do the integrals in energy space rather than in
k-space, in which case (20) becomes

n(x) = / AE[LDOS; (x, E)f, () + LDOSx (x, E)fa ()] (21)

where LDOS; g (x, E) is the local density of states at energy E,
fillable from lead L or R. The density of state contains
summation over spin states. For diffusive transport, we deal
with a single density-of-states and fill it according to a source
quasi-Fermi level, but for ballistic devices, the density of
states separates into parts fillable from each lead.

The current flowing from source to drain (drain to
source) lead is simply the transmission probability T(E)
times the Fermi function of the source (drain) lead. The
net current flowing in the device is then

=2 [aEr®hE -REL 2

For the semiclassical example of Fig. 4, T(E) =0 for
E<Erop and T(E) =1 for E>Erop.

IV. PHASE COHERENT QUANTUM
TRANSPORT: THE
LANDAUER-BUTTIKER FORMALISM

Quantum mechanically, the electron is a wave and the wave
function U(7) is obtained by solving Schrodinger’s equation

[_ LR vm} VO -V @3

2m
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Fig. 6. All wave functions in the device can be represented as left incident (U\")), right incident (1)), or localized states (V™).

where E is the energy. Consider a device connected to two
leads as shown in Fig. 6, where the leads are assumed to
have a constant electrostatic potential. In a manner
identical to the discussion of semiclassical modeling in
the previous section, where we considered corpuscular
electrons incident from the left and right leads, in quantum
mechanical modeling, we need to consider electron waves
incident from the left and right leads. The electron wave
function in device region D can be thought to arise from the

following.
e  Waves incident from the left lead (L) of the form
e, which have transmitted and reflected compo-
nents te®** and re ™ in the right and left leads,

respectively. The wave function in the device
region D due to this wave is represented by \I/](JL).
More properly, we must attach a subscript k (or E)
to denote which state (or energy level) in the left
lead induced the state \IJ(DL) in the device, but we
leave it out for compactness.

e  Waves incident from the right lead (R) of the form
e_ik,x, which have transmitted and reflected
components t'e"* and r'e** in the left and right
leads, respectively. The wave function in the
device region D due to this wave is represented
by \III()R>. Again k (or E) is implicit.

e  States localized in device region D represented by
‘I’(loc)

D -
filled up by scattering due to electron-phonon and

Localized and quasi-localized states are

electron—electron interaction. We will assume
here that localized states are absent.

The Landauer—Buttiker approach expresses the expec-
tation value of an operator in terms of the left and right
incident electrons from the leads and their distribution
functions. The expectation value of operator Q is

Q= [(w 10w V56 + (w019 V).
(24)

Here the summation is performed over the momentum k
and the spin s states.

The operator Q can be just the number 1, in which case
the summation gives the number of occupied states; or it
can be the momentum operator —ifi(d/dx). The crucial
point here is that we are able to simply add the
contributions from the left and right leads in the absence
of scattering. One may argue that this cannot be done since
electrons are subject to Pauli’s principle and two electrons
injected into the device cannot occupy the same state at
the same time. However, since the Hamiltonian of the
whole system (drain, source, and reservoirs) is Hermitian,
the states injected from the source and the drain are
orthogonal to each other. Since they are now two distinct
states with no overlap, two electrons can occupy them
without violating Pauli’s principle. Another implication of
the orthogonality of the source- and drain-injected states is
that, instead of taking a linear combination of \Ifg) and
\Ing) to extract the expectation values of Q, we can consider
them separately (this is not true if we have a new
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interaction in the original phase-coherent Hamiltonian H,
like the electron—phonon interaction, which couples a
source-injected state and a drain-injected state).

Since in this paper we do not consider any spin-
dependent phenomena, the spin summation translates
into a factor of two. Equation (24) has contributions from
two physically different sources. The first term corre-
sponds to contribution from waves incident from the left
lead (\Ilg)) at energy E, weighted by the Fermi factor of
the left lead (f;). The second term corresponds to waves
incident from the right lead (\IJ,(JR>) weighted by the Fermi
factor of the right lead (fz). More generally, if device
region D is connected to a third lead G, then the
expectation value of operator Q is

Q=Y [(w1aws e + (v 1QMw s HuE)
k.s

+(e Qe )e(®)]  @5)

where \Ilﬁ)c) corresponds to the wave function in the Device
due to waves incident from lead G and f; is the Fermi
factor of lead G. Using (24), the contribution to electron
(n) and current (J) densities at x in the device region D are
given by (neglecting gate lead)

(B + [ )

) =3 [0
ks

sz(E>] (26)

and

e L 1<)L) X
) = 3wt g 472 O
ks

of v (x)

. fr(E) — c.c] (27)

where “c.c.” represents complex conjugate of the terms to
its left. The quantum mechanical density of states at
energy E due to waves incident from the left (LDOS;) and
right (LDOSg) are

LDOS, (x, E) =2 Z\qup (x) ‘2 (28)
ki

LDOSy(x,E) =2 ) ]\pgm (x) ‘2 (29)
a

where k; and k, are states with energy E incident from the
left and right leads, respectively. Then the electron density

can be written in the same form as (21)

n(x) :/LDOSL(x7E)fL(E)dE

+ / LDOSk (x, E)fx (E)IE  (30)

except that the expressions for the local density of states are
different. Similarly, (27) can be expressed in a form identical
to (22). The above formalism can be extended to calculate
noise (shot and Johnson-Nyquist) in nanodevices [3]. Device
modeling in the phase-coherent limit involves solving
Schrodinger’s equation to obtain the electron density self-
consistently with Poisson’s equation.

V. QUANTUM TRANSPORT WITH
SCATTERING: THE NEED FOR
GREEN’S FUNCTIONS

The description in the previous section is valid only in the
phase-coherent limit. The terminology “phase coherent”
refers to a deterministic evolution of both the amplitude
and phase of U, (¥) as given by Schrodinger’s equation. The
quantum mechanical wave function evolves phase coher-
ently only in the presence of rigid scatterers, a common
example of which is the electrostatic potential felt by an
electron in the device. The wave function of an electron
loses phase coherence due to scatterers that have an
internal degree of freedom such as phonons. Phase-
incoherent scattering involves irreversible loss of phase
information to phonon degrees of freedom. Naturally,
including loss of phase information is important when
device dimensions become comparable to the scattering
lengths due to phonons and other phase-breaking mechan-
isms. Accurate modeling of nanodevices should have the
ability to capture:

e interference effects;

e quantum mechanical tunneling;

e discrete energy levels due to confinement in two-
dimensional (2-D) and three-dimensional device
geometries;

e scattering mechanisms (electron-phonon,
electron—electron).

The first three effects can be modeled by solving
Schrodinger’s equation in a rigid potential as discussed
in Section IV. While in the semiclassical device modeling,
the Boltzmann equation accounts for the energy and
momentum relaxation due to scattering mechanisms, in
quantum mechanical device modeling, the NEGF approach
is necessary to account for energy, momentum, and
quantum mechanical phase relaxation.

The semiclassical approaches to transport can be derived

from quantum mechanics [2], [10]. In its current form of
implementation, the quantum mechanical approaches,
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however, need a considerable amount of work to model a
broad class of realistic devices. We will now briefly discuss
three topics that require additional work. The first topic is
the inclusion of scattering mechanisms between electrons
and phonons and other electrons (including plasmons).
Here, the current implementations of scattering mechan-
isms in the Monte Carlo method to device modeling are
significantly more comprehensive [6]. While there is no
fundamental roadblock to including these scattering me-
chanisms, efficient methods of determining the self-energies
and computing the Green’s functions are required to make
quantum transport simulation practical. The second area
that requires further work is a careful understanding of the
coupling between the device and the leads. In most
implementations of quantum transport, it is assumed that
the role of leads can be added as a simple series resistance.
This assumption usually fails unless the leads correspond to
wide regions consisting of a large number of modes
compared to the number of modes in the device. In a
number of practical situations, an abrupt demarcation
between the device and leads does not exist. In such cases,
considerable care must be exerted to determine the
physically optimum demarcation, which can sometimes
lead to computationally intractable problems. The third area
that requires further work is three-dimensional modeling.
Compared to the sophisticated three-dimensional modeling
possible in the drift-diffusion framework, the computational
modeling of quantum transport is in its infancy. The
algorithms required to handle experimentally relevant
three-dimensional nanodevices currently do not exist.
Most work on quantum transport that has yielded insights
into experiments is based on solving the quantum transport
equations in reduced dimensions using detailed device
physics known to experts. The field is far away from the state
where one can define a three-dimensional real space or
tight-binding grid and model experiments.

The NEGF approach is based on the rigorous many-body
quantum theory [16]. It is designed to describe carrier
transport with scattering. In its derivation [4], it makes the
assumptions similar to those of the quantum Boltzmann
equation [or Keldysh—Kadanoff-Baym approach (KKB)] [8]
and [9]; also see [16]. The main assumptions are: i) a single
particle approach and ii) a mean-field approximation. Note
that NEGF goes beyond KKB in treating interactions with
reservoirs, e.g., electric leads, in a manner similar to Landauer
approach; see [5]. When applying the NEGF approach to
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devices, additional assumptions are frequently made, such as
the self-consistent Born approximation in the perturbation
theory and the neglect of off-diagonal elements in the
scattering matrices. In practice, the NEGF approach provides
a good description for many devices. When scattering is
strong and potential variations slow, it can be shown to reduce
to the Boltzmann transport equation [15], which forms the
basis for semiclassical modeling of devices. There are,
however, important problems that the NEGF approach
cannot describe. These have to do with strongly correlated
transport in devices that display so-called single electron
charging effects [28].

In the remainder of this section, we explain the NEGF
approach in the phase-coherent limit by starting from
Schrodinger’s equation [5]. We will start by an explanation
of the tight-binding Hamiltonian and relate this Hamiltonian
to a device with open boundary conditions (Section V-A).
The open boundary conditions lead to an infinite dimen-
sional matrix. We will describe a procedure to fold the effect
of the open boundaries into the finite device region in
Section V-B. This will allow us to deal with small matrices
where the open boundaries are modeled by lead self-energies.
The Green’s functions, self-energies, and their relationship
to current and electron density are derived in Section V-C.
Then in Section V-D, we extend the discussion in Section V-C
to include electron—phonon interaction, which is where
the NEGF approach is really essential.

A. Tight-Binding Hamiltonian for a
One-Dimensional Device

Consider a system described by a set of one-dimensional
(1-D) grid/lattice points with uniform spacing a. Further
assume that only nearest neighbor grid points are coupled.
A spatially uniform system with a constant potential has the
Hamiltonian shown in (31) at the bottom of the page or

_t\I/qfl + (E — 6)\IJq — t\Ilq+1 =0 (32)

where E is the energy and W, is the wave function at grid
point q. The Hamiltonian matrix is tridiagonal because of
nearest neighbor interaction. The diagonal and off-
diagonal elements of the Hamiltonian € and t represent
the potential and interaction between nearest neighbor
grid points q and q + 1, respectively.

° L] L]
° L] L] °
-t E—e¢ —t \Ijqfl
(E-H)Y=0— -t E—e —t v, | =0 (31)
—t E—e¢ —t \Ilq+1
° ° L] o
o o
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The solution of (32) can be easily verified using Bloch
theorem to be

E =€+ 2tcos(ka) (33)
T, =l (34)
and the group velocity is
10E 2at
Vs = —%sin(ka). (35)

The uniform tight-binding Hamiltonian in (32) can be
extended to a general nearest neighbor tight-binding
Hamiltonian given by

—tq’q_llllq_1 + (E — Gq)\I/q — tq,q-‘rllpq-H =0 (36)

where ¢, is the on-site potential at grid point q and t, 44 is
the Hamiltonian element connecting grid points q and
terlg = t;q_Hl. terig = t};ﬁqﬂ because the Hamiltonian is
Hermitian.

In the special case of the discretized Schrodinger
equation on a uniform grid

h2 2

h
— ande =V 4+ —
2ma? and & at ma?

t=tgq+1 = tgt1q = — (37)

where a is the grid spacing and V; is the electrostatic
potential at grid point q.

B. Eliminating the Left and Right Semi-Infinite Leads
A typical nanodevice can be conceptually divided into
three regions (Fig. 7):
o left
potential €;

semi-infinite lead (L) with a constant

e device (D) with an arbitrary potential;
e right semi-infinite lead (R) with a constant
potential €,.

The potential of the left (right) lead €(€) and the
hopping parameter t(t,) are assumed to be constant,
which signifies that the leads are highly conducting
and uniform. Then the Hamiltonian of the device and
leads (36) is an infinite dimensional matrix that can
be expanded as

-3+ (E—)¥p — 40y =0

—t W + (E—e)¥p — tq¥; =0 (38)
—t1¥n + (E— &)U — 6,0, =0 (39)
—t21¥1 + (E— )P, — 1,303 =0 (40)

[ )

[}
~tyn1 W1+ (E— €)W, —tg,¥,1 =0 (41)
—t 4V, + (E—)¥n — ¥, =0 (42)

_tr\Ijrl + (E - 6r)\Ier - tr\Ijr3 =0
[ ]

where the top and bottom bullets represent the semi-
infinite left and right leads. The subscript Im(rm) refers to
grid point m in the left (right) lead. However, to find the
electron density in (26), the wave function is only required
at the device grid points. We will now discuss a procedure
to fold the influence of the left and right semi-infinite
leads into the device region.

Terminating the Semi-Infinite Left and Right Leads: The
wave function in the leads due to waves incident from the

131211 2 3 .n1n r1 r2r3 -
OOOOOQ’....0...0...00.%900000
<+ tdl: :tar —>

Left lead Device Right lead
(semi-infinite) (semi-infinite)
(g, t) Varying eand t (e t,)

f_ fr

Fig. 7. A one-dimensional device connected to two semi-infinite leads. While the potential in the leads (L and R) is held fixed, the potential

in the device (D) can vary spatially.
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left lead is

‘1]111

\Ijrn = $y1€

= (e 4 spe~*¥n) in region L

ikrXpn

(43)
(44)

in region R

where x}, and x,,, correspond to integer times grid spacing (a).
The normalization constant has been neglected in the above
equations. The corresponding eigenvalues are [(33)]

E — g = 2tjcos(kia) = tj(e®® + e~H) (45)

and, similarly for the right lead, with the indexes r. s and s,
are the reflection and transmission amplitudes. Substituting
(43) and (45) in (38) yields

s = tfl(—tl + tld\l’l). (46)
Substituting (43) and (46) in (39), we obtain
(E— & — tgge ™0y )0y — 11,0,
= —Zith sin(kla). (47)

Equation (47) is a modification of Schrodinger’s equation
centered at grid point 1 of the device [(39)] to include
the influence of the entire semi-infinite left lead.
Similarly, substituting (44) and E — ¢, = 2t, cos(ka)
into (42), we get

(48)

Now, substituting (44) and (48) into (41), we can terminate
the right semi-infinite region to yield

eik,a
_tn,nfl\Ijnfl + (E — € — td,r ¢

t,,d) U, =0. (49)

r

Equation (49) is a modification of Schrodinger’s equation
centered at grid point n of the device (41) to include the
influence of the entire semi-infinite right lead.

The influence of the semi-infinite left and right leads
have been folded into grid points 1 and n of the device for
waves incident from the left lead [(47) and (49)]. Now the
wave function in the device due to waves incident from the
left lead can be obtained (to within a phase factor) by
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solving the following n-dimensional matrix instead of the
infinite dimensional matrices in (38)-(42)

Apl = (50)
where A is a square matrix of dimension n and \I/](JL) and i

are n by 1 vectors. iy is the source function at (k, E) due to
the left lead. Matrix A is

A =EIl — Hp — Yjead (51)

and the nonzero elements of Xje.q are
Seady, = tage 4 g = 3y (52)
Ylead,, = tae g = Tg. (53)

3; and X are called the self-energies, and they represent
the influence of the semi-infinite left and right leads on the
device, respectively. The real part of self-energy shifts the
on-site potential at grid point 1 from €; to € + Re(Xp).
The imaginary part of self-energy multiplied by —2 is the
scattering rate of electrons from grid point 1 of the device
to the left lead (scattering rate = —2Im[%;]) in the weak
coupling limit.

In a manner identical to the derivation of (50), for
waves incident from the right lead, the wave function in
the device (\IIJ(JR)) can be obtained by solving

AT = (54)

where ig is the source function due to the right semi-
infinite lead. The only nonzero elements of A, iy and i are

A(1,1) =E—¢,—%; and A(n,n)=E—¢,— %z  (55)
A(i,i) =E
A(i,i+1) = —tir and A(i+ 1,1) =1, (56)
ir(1) = —2itg; sin(ka) (57)
ir(n) = —2ity, sin(k,a). (58)

C. Electron and Current Densities Expressed in
Terms of Green’s Functions
The Green’s function corresponding to Schrodinger’s

equation ([E — H|¥ = 0) for the device and leads is

[E—H+inG = (59)
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where 7 is an infinitesimally small positive number that
pushes the poles of G to the lower half-plane in complex
energy, and H is the Hamiltonian. This Green’s function is
defined in a spirit similar to the Green’s function for
Poisson’s equation. In the rest of this paper, 7 is implicit.
The Green’s function of device region D with the influence
of the leads included is

AG =1 (60)

where

A = EI — Hp — Sieaq (E) (61)

is an n-dimensional matrix defined in (55) and (56).

Using the definition for G in (50) and (54), the wave
function in region D due to waves incident from left and
right leads can be written as

o =i, (62)
T = Gip. (63)

As iy and ig are nonzero only at grid points 1 and n, the full G
matrix is not necessary to find the wave function in the device;
only the two columns G(:,1) and G(:, n) are necessary.

The electron density at grid point q can now be written
using (62) and (63) in (26) as

T'lq = Z Gq,liLiz(GT)l,q L + Gq"nl'Rl';(GT)n’qu (64)
ks
= Z Gq71 [4td’1 sinz(kla)tqu] (GT)Lq
k,s
+ Gy [4ta, sin? (ki) of | (c*)nvq (65)

where G' is the Hermitian conjugate of the Green’s
function. The summation over k can be converted to an
integral over E by,

dk

i (66)

dE
N

Using (66) and |dE/dk| = 2alt|| sin(ka)| (where k € kyk,
and t € t;, t,), (65) becomes

=2 [ 3 [ BEEG),(5)

+ CBZXE)CE), ,(B)] (©67)

where

1

EEI(E) = 2td,l m |sin(k1a) |t17de (E) (68)
) 1.
S(E) = 2td7,m |sin(kya)|t. afr (E). (69)

ky and k, at energy E are determined by E = ¢ + 2t cos(kja)
and E = ¢, + 2t, cos(k,a) [(33)], respectively. It can be
seen from (52), (53), (68), and (69)

SP(E) = —2Im[S(E)fi (E)
SR (E) = —2Im[Se(E) fe(E).

(70)
(71)

The electron density [(67) or (72)] can then be written as

dE in
=2 [SeEEECE,,
where the nonzero elements of E{Ielad are
Shondr () = 51 (E) (73)
Zigadn.n(E) = ZEI(E) (74)

Yt and ¥ defined above in (70) and (71) are called the
in-scattering self-energies due to leads. These self-energies
physically represent in-scattering of electrons from the
semi-infinite leads to the device and so play an important
role in determining the charge occupancy in the device.
They depend on the Fermi-Dirac factor/occupancy in the
leads fi, and fr and the strength of coupling between leads
and device Im[X;(E)] and Im[X(E)].

It is easy to see that the electron density in (67) and
(72) can also be written as

= [ dBILDOS. (4, () + LDOSA(g EIR(E)] (75)

where LDOS;(q, E) (LDOSk(q,E)) is the density of states
due to waves incident from the left (right) lead at grid
point g and

Gyl (G
LDOS, (¢, E) = L)m (76)
s
Gonl'r(G'
LDOSk(q, E) = =~ Jo (77)
Y
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where

(78)
(79)

TL(E) = —2Im[Sy(E)]
Tx(E) = —2Im[Sg(E)].

Note that (75) is identical to (21) for semiclassical ballistic
transport.

The current density between grid points q and q+ 1 per
unit energy can be written as [(27)]

eh 2[(\II(L)T\II() ((IL )fL( )

]qﬂqﬂ( ) - 2mai
+ (el - éﬁlﬂﬁ“)ﬁdﬁﬂ. (80)

Now, following the derivation for electron density above
[(67)], it is straightforward to derive that the current
density

e, [dE
2ma 27
X |Goa(B)SI(B)(61), o (F)
+ Gan BT (E)(G1), 11 (B)
= Gpraa(B)S(E)(G),  (F)
(

]qaq+1 =

G BEREE),,(B)] 6D
The current density is given by
ieh dE in
s = e [ G (GBS Bl
- G(E)Zilelad(E)GT(E)‘q+1,q : (82)

1) Electron Correlation Function: More generally, we
define the electron correlation function G", which is the
solution to

211’1

leadGT' (83)

Noting that G=A"", it is easy to obtain (72) G" =
Gxin ,GT.

The expressions for electron [(72)] and current [(82)]
densities at energy E in the phase-coherent case at finite
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applied biases can now be written as

Gaq(E)
() =24 (84)
ieh ~ 171, N
Iqﬂq+1(E) = %2% Gq,q+l(E) - Gq+1,q(E) . (85)

That is, the diagonal and first off-diagonal elements of G"
are related to the electron and current densities, respec-
tively. Note that these equations are equivalent to (26) and
(27) appearing in the Landauer—Buttiker approach.
Equations (72) and (84) have to be divided by the grid
spacing a for the density to have units of per unit length.

2) Hole Correlation Function: In the absence of phase-
breaking scattering, the Green’s function (G) and the electron
correlation function (G") are sufficient for device modeling.
Scattering introduces the need for the hole correlation
function (GP), whose role will become clearer in Section V-D.
While the G" Green’s function is directly proportional to the
density of occupied states, the hole correlation function is
proportional to the density of unoccupied states.

The density of unoccupied states at grid point q is
also obtained by applying the Landauer—Buttiker formal-
ism. For this, we simply replace the probability of finding
an occupied state in the lead fir by the probability of
finding an unoccupied state in the lead 1—fiz in (26).
Then following the derivation leading to (26), we obtain

=2 [ 57 [euezr @], ®

+ GBI (E)GL,(E)|  (86)

d ow
=2 [ S CEELC B, 57)
where the only nonzero elements of EO‘;td are
Shnara (E) =2 (E) = 2tdz| il |sin(kia)|ta(1 — fi)
= —2Im[E.(E)][1 — fi(E)] (88)
1
Shnan(E) = X" (E) = 2td,rm Isin(kra)|tr.a(1 — fr)
= —2Im[ER(E)|[1 — fr(E)]. (89)

Akin to (83) and (84), the density of unoccupied states
at energy E at grid point q can be expressed as the diagonal
elements of GP

(90)
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in-scattering self energies 3™

> 0000000000000000000000000000O0E+7/Wy,,m
20 Phonon Emission
GC" |n Term 2 of eqn. (92) Zm (E)
"”OOOO 0000000000000000000 OOOOE
Phonon Absorption
Term 1 of eqn. (92)
0000000000000 0000000000000000E-—7W,,,,
> X
B Phonon(E) R R
Left Lead Device Right Lead

Fig. 8. Pictorial representation of the two in-scattering self-energies that appear in this paper. >\" (E) and ¥} (E) are the self-energies of the leads
and are nonzero only at the first and last device grid points. >\, | (E) is the self-energy due to electron-phonon interaction and is nonzero at all

device grid points.

where GP is in general given by

= SpGh (91)

Equations (86) and (90) have to be divided by the grid

spacing a for the density to have units of per unit length.

D. Electron-Phonon Scattering

In Section V-C, we defined the self-energies in the
device arising from coupling of the device to the external
leads. The self-energy YI" represents in-scattering of
electrons (in-scattering rate) from the semi-infinite left
lead to the device, assuming that grid point 1 of the
device is empty. A similar statement applies to X', The
in-scattering self-energy of the leads depends on their
Fermi distribution functions and surface density of
states.

A second source for in-scattering to grid point q and
energy E is electron—phonon interaction. The self-energy
t (q,E) has two terms corresponding to in-scattering
from (q, E + Awphonon) and (q, E — Aiwphonon)» as shown in
Fig. 8. Intuitively, the in-scattering self-energy (in-
scattering rate) at (x,E) should depend on the Bose
factor for phonon occupancy, the deformation potential
for electron-phonon scattering and the availability of
electrons at energies E + hwphonon and E — hwphonon- It
follows rigorously, within the Born approximation, that
the in-scattering self-energy at energy E and grid point g
s [15]

iI;lhononq_q (E) = Z DZ |:nB (hwphonon)cvql’q (E_ prhonon)
n

+(nB(hwphonon) + 1)G;,q (E + ﬁ"‘-)phonon) . (92)

Dy represents the electron—phonon scattering strength at
grid point q due to a phonon mode 7. The first term of (92)
represents in-scattering to E from E — Awphonon (phonon
absorption). ng is the Bose distribution function for
phonons of energy hwphonon and Gy (E — hwphonon) is the
electron density at E — hwphonon. The first and second
terms of (92) represent in-scattering of electrons from
E — hwphonon (phonon absorption) and E + hwphonon
(phonon emission) to E, respectively. The in-scattering

rate at grid point q is given by

In-scattering rate at grid point q : ———
g grid p q TL;H(E)

=2 (E) (93)

where Z;‘jq is the sum of all in-scattering self energies at
grid point q.

The out-scattering self-energy X" in (88) represents
out-scattering of electrons from grid point 1 in the
device to the semi-infinite left lead, assuming that grid
point 1 of the device was occupied. The out-scattering
self-energy due to the left lead X¢"* depends on the
probability of finding an unoccupied state in the left lead
1 — f; and the surface density of states of the left lead. A
similar statement applies to 3¢™. A second source for
out-scattering of electrons from an occupied state at
(¢,E) is electron-phonon interaction, which leads to
scattering to (q,EJerphonon) and (q,E — ﬁwphonon) as
represented in Fig. 9. Intuitively, the out-scattering self-
energy (out-scattering rate) at (q,E) should depend on
the Bose factor for phonon occupancy, the deformation
potential for electron-phonon scattering, and the avail-
ability of unoccupied states at energies E + hwphonon and

E — hwphonon- It follows rigorously, within the Born
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out-scattering self energies y°"

000000000000Q90000000000000000O0E+7Wy,,

>
[e]4) -
o Phonon Emission t
g ZEUt (E) Term 2 of eqn. (94) /\ Zgu (E)
Y 00000000000 TO0000000000000000F
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Term 1 of eqn. (94)
00000000000000000000000000000E—7Wy,,.,
| >X out
. . Phonon(E) R R
Left Lead Device Right Lead

Fig. 9. Pictorial representation of the two out-scattering self-energies that appear in this paper. Ehm;“" (E) is self-energy due to leads,
which is nonzero only at the first and last device grid points. Ep.“,\,‘,,,;““ (E) is self-energy due to electron-phonon interaction, which is nonzero

at all device grid points.

approximation, that the out-scattering self energy at
(q,E) is [15]

t
(1;1}110110[1 q,9 (E)

= Z DZ |:(nB (ﬁwphonon) + 1) Gqu (E — ﬁwphonon)

Y

+ nB(prhonon)GZﬂ (E + Flwphonon)i| . (94)

In the above equation, Gh (E — Nwphonon ) and Gh (E 4 hwphonon )
are the densities of unoccupied states at E — Awpponon and
E + hwphonon- So the first and second terms of (94) represent
out-scattering of electrons from E to E — hwphonon (phonon
emission) and E + Awphonon (phonon absorption), respec-
tively. The out-scattering rate at grid point q is given by

Out-scattering rate at grid point g :
g gra p q ’T(;’Ut (E)

_ out
=0y (E)

(95)
where EZM is the sum of all out-scattering self energies at
grid point q.

We now discuss how the in-scattering self-energy due
to electron—phonon scattering affects the expression for
electron density. The electron density at grid point g in the
phase-coherent case [(67) or (72)] is the sum of two terms

dE
ng=2[—
2

[Gra (BT (E) (61, (B)
+Gon(B)ZR(B)(G), (B)] (96)
The first term represents in-scattering of electrons from

the left lead ZiLn(E_), which is propagated to grid point q via
the term Gg1(E)G; 4(E). The interpretation of the second
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term is similar except that it involves the right lead. In the
presence of electron—phonon interaction, the in-scattering
unctions is nonzero at all grid points. As a result,
f i Eizr’lhonon i 11 g id p i A 1
an electron can scatter from (¢,E') to (¢,E) and then
. . . B

propagate t(? grid point (g, E) via the' term Gg g (E)Gq,’q.(E).
The expression for the electron density can be generalized
to include such terms

dE in
g :2/5 [Gq11(E)ZL (E)G} ,(E)
+ Gou (E) SR (E)G) 1 (E)
+ Z G‘laq/ (E) ;I’il—’honon(E)GZ’,q (E)
q/

[G(E) S (B)G'(E)

/dE
=2 —
2m
+ G(E) i;lhnnon (E)G]L (E)] |
dE
:2/§Gq~,q(E)

where the third term corresponds to propagation of
electrons from grid point q' to q after a scattering event
at q/, as shown in Fig. 10. The in-scattering self-energies
due to phonon scattering are given by (92). More

99

(97)

generally, G" is given by

(98)
(99)

G"(E) =G(E)X™(E)G'(E)
[E— H — %(E)|G*(E) = Z™(E)G(E)

where ¥ is the sum of self-energies due to leads and
electron-phonon interaction. The reader can compare the
above two equations to (73) and (83), which are valid in
the phase-coherent limit.
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Fig. 10. Contributions to electron density from leads and electron-phonon scattering. The three terms of (97) are shown.

The density of unoccupied states can be written in a
manner identical to (97) as

dE ou
=2 [ F e e o

+ Gy () SR (E)G], (E)
+ Z Gq q Egu}ghonun( )Gj;’,,q (E)

[G(E) (B (E)

+ G(E)SPhionon (E)G (B)]

/dE
:2 B —
2T

dE
*2/27r G (E). (100)
More generally, the GP matrix is given by
GP(E) =G(E)X""(E)G' (E) (101)
[E — H — %(E)|GP(E) = X°"(E)G'(E) (102)

where X" is the sum of self-energies due to leads,
electron—phonon interaction, and all other processes.

Note that, in general, G" and GP are full matrices, the
diagonal elements of which correspond to density of occupied
and unoccupied states, respectively, and the first off-diagonal
elements of G" and GP correspond to the current density.

The Green’s function G in the device region is obtained
by solving

[E —H- Zleand(E) - El:’honon(]-::)]G =1 (103)

which is similar to (60) for the phase-coherent case,
except for the additional self-energy due to phonon
scattering.

VI. NONEQUILIBRIUM GREEN’S
FUNCTION EQUATIONS FOR LAYERED
STRUCTURES

The previous section dealt with a simple one-dimensional
Hamiltonian. In this section, we will present the NEGF
equations for a family of more realistic structures called
layered structures. A layer can be considered to be a
generalization of a single grid point/orbital (Fig. 7) to a set
of grid points/orbitals per layer. Note that we will use “grid
points” to represent both orbitals and the conventional
grid points that follow from discretization of a differential
equation in a real space grid. For example, consider the
structure that consists of two grid points per layer labeled
by a and b, as shown in Fig. 11(a). For this structure, the
form of the Hamiltonian remains the same as in (36)
except that ¢ and ty 41 become (2 X 2) matrices

€@ eab (aa tab

1 lqq+1 .

b9 | and garl At ) which represents the
‘% % fqt1 g,

Hamiltonian element of layer q and the coupling between
. a b .
layers q and g+1, respe.ctlvetly. € and. €q are the diagonal
elements of the Hamiltonian at grid points a and b,
respectively, in layer q. t;’.p is the Hamiltonian element
representing interaction between grid point i in layer q and

v
yh )’

which is a (2 X 1) vector representing the wavefunction

grid point j in layer p, where i,j € a,b. ¥, becomes

in layer g. Its components 1/13 and ¢Z are the wave
functions at grid points a and b in layer g, respectively.
For the case in Fig. 11(a), the equivalent of Schrodinger’s
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Fig. 11. (a) and (b) Scheme of simulation domains in the layered structure: device, left and right leads. (c) Examples of the layered structures:

carbon nanotube, DNA molecule, MOSFET.

equation for the single grid points per layer in (36)
becomes

(fét‘q-1 rgz_1><wgl> .\ ( (E 0) ( i 63b>>
tg?q—l tg?q—l 3*1 0 E ega elq)
Y fien faqen \ Vi

x g ) \ e b y =0
q 9+l Tgqtl a+1

Now, if we consider a structure with five grid points per

layer as shown in Fig. 11(b), the (2 X 2) matrices in the

above equation become (5 X 5) matrices.

Three examples of layered structures are shown in
Fig. 11(c). In each of these structures, a layer consists of the
orbitals/grid points between the dashed lines in Fig. 11. A
common approximation used to describe the Hamiltonian
of such layered structures consists of including interaction
only between nearest neighbor layers. That is, each layer g
interacts only with itself and its nearest neighbor layers

q—1 and g+ 1. Then, the single particle Schrodinger’s
equation of the layered system becomes

—Tqq1¥q-1 + (EI = Hy) Vg — Toq1Wos1 =0

where the size of Hy is equal to Ny and the size of Ty 44, is
equal to (Ng X Ngi1), where Ny(Ngy1) is the number of
grid points in layer q(q+ 1). I; is an identity matrix of
dimension Ny. The Hamiltonian of the layered structure is
a block tridiagonal matrix, where diagonal blocks H,
represent the Hamiltonian of layer g and off-diagonal
blocks Ty 411 represent interaction between layers q and
q + 1, can be written as shown in (104) at the bottom of
the next page, where we have made use of the fact that
Tit1i = Tj;4; because the Hamiltonian is Hermitian. The
other elements of the Hamiltonian matrix are zero.

In the previous section, we derived the equations for the
Green’s function in the device by including the influence of
leads as self-energies rather rigorously within the single
particle picture. The self-energies due to electron-phonon
interaction, however, were introduced as an afterthought,
with the lead self-energies uninfluenced by electron—phonon
interaction [see (52) and (53)]. This is not correct, however,
because the electron—phonon interaction is present in the D,
L, and R regions. The Green’s function equation for the
entire device and leads in the presence of electron—phonon
scattering is given by [16]

[EI —H-— EPhonon]G =1 (105)
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where Xpponon is the self-energy due to electron—phonon
scattering. Partitioning of the device into the left lead (L), device
(D), and right lead (R) is a mathematical construct that is
motivated by the physics of the device. We partition the layered
structure into L, D, and R regions as shown in Fig. 11. The device
corresponds to the region where we solve for the nonequilib-
rium electron density. The leads are the highly conducting
regions connected to the nanodevice. While the device region,
where we seek the nonequilibrium density, consists of only n
layers, the matrix equation corresponding to (105) is infinite
dimensional due to the semi-infinite leads. We will now show
how the influence of the semi-infinite leads can be folded into
the device region. In a manner akin to the previous section, the
influence of the semi-infinite leads is to affect layers 1 and n of
the device region. An important difference is that the derivation
here includes electron—phonon scattering and does not assume
a flat potential in the semi-infinite leads. We first define

A" = [EI — H — Zphonon)- (106)
Noting that the Hamiltonian of the device can be partitioned
into the sub-Hamiltonians of the D, L, and R regions and
coupling between them, and noting that the Hamiltonian terms
coupling L and R are zero, (105) can be written as

where we have (108)—(111) as shown at the bottom of the
next page, where Tip =Ty, and Trp = Ty, are the
coupling between the left and lright leads and device,
respectively. Note that Ap, = A7), AL, :A;zDT, Al and
A}, (Agp and Ap,) are sparse matrices. Their only nonzero
entry represents coupling between the left (right) lead and
device. O represents zero matrices. From (107), we have

Gip = —Aj;'Al Gpp (112)
Grp = —Arg AgpGp (113)
Al Gip + AppGpp + AprGro = 1. (114)

Substituting (112) and (113) in (114), we obtain a matrix
equation with dimension corresponding to total number of grid
points/orbitals in the n layers of the device

[App — Ap AL AL — AprArg Arp | Gop = 1. (115)

The second and third terms of (115) are self-energies due to
coupling of the device region to left and right leads, respectively.

The Green’s functions of the isolated semi-infinite
leads by definition are

AiL AiD O GLL GLD GLR
I ’ , ,
B WS | P Al g =Tand Apgr =1 (116)
0 A%D A;ZR GRL GRD GRR LLgL RRgR .
I OO
“|oroe (107) The surface Green’s function of the left and right leads are
00 I the Green’s function elements corresponding to the edge
[ BN B ]
o o [ ]
[ ] [ ] ]
le,z:; Hiz Tizpe
Ty Hio Tion
Thy Hy Tia
Tllrn Hy Ty
T)y, Hy Ty
[ ] [ ) [ ]
" * e (104)

[ ]
T
I¥72n71 1¥ﬁ—1 7%—1@

Tt

n—1n

Eh Thﬂ
i
T, Ha Thape

i
]hﬂq ELQ J}Zﬁ
t
T, Hizs Tigga

T
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layers 11 and r1, respectively

8inn = (A/LZI)L; and Ry = (AE{l)m' (117)

Equation (115) can now be rewritten in a form very
similar to (60)

[EI —H-— EPhonon - Elead]GDD =1 (118)

where
Yiead1,1 = Tprgry nTip = 21 (119)
Eleadn,n = TDRgRrLrlTRD = . (120}

All other elements of Yjeq are zero. Xj and Xy are self-
energies due to the left and right leads, respectively, and

Anantram et al.: Modeling of Nanoscale Devices

Aand Tpr = T;D. Finally, defining matrix A to be (over the
device layers 1 through n)

A=ElI—-H— EPhonon - Elcawl (121)

(118) can be written as

AG =1. (122)

Solving (122) gives us the Green’s function G over the
device layers 1 through n. The difference between and A
and A" matrices above is that the former is defined only
over the device layer and has the effect of the semi-infinite
left (L) and right (R) leads included in it as self-energies.

The self-energies Yjeaq allowed us to derive (122) in the
device from (105), which was valid in the device and leads.
We stress that the elements of G in (122) are exactly equal
to the elements of G in the device region obtained from
(105). The main information needed to solve (118) is the
surface Green’s functions of g and gr. We will discuss two
methods to obtain this surface Green’s functions for a
constant potential in the left and right leads. When the
potential does not vary, A}, and Ay, are semi-infinite

e o o
o o .
A/LL = 7Tlll3 Ay =Tz corresponds to the left semi-infinite lead (108)
*T1T3.12 Ay —Tan
_le,u ;1
Ay T
*le,rz A;'Q —Tro43
App = _T:zrs Ay —Tg corresponds to the right semi-infinite lead (109)
[ ] [ ] [ ]
[ ] o o
Al =T
~Tl, Ay Ty
. e o
App = o o . corresponds to the device region (110)
[ ] [ ] ]
7TTJ£72,7L71 A;zfl “An=ln
T, A4,
O O e ¢ OO0 O O e ¢ O —TIpp
O O e ¢ OO OO e ¢ O O
A= 0O 0O e e00]| and Ay=|0 0 e ¢« 0O O (111)
O O e ¢ OO0 OO0 ¢ ¢« O O
—Tip O O e e O O O O e o 0]
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periodic matrices with all diagonal/off-diagonal blocks
being equal

A=A, =A,=...=A

A=A, =A,=...=A (123)
Thp =Tep=Teu=...=T;
T =Tons=Tsu=...=T. (124)

g1, , is obtained by solving the matrix quadratic equation

[A; - TngLll,llTl} Suupn = L (125)
This equation can be solved iteratively by
T (m—1 m
{A{ - TllgL1<1,11 >Tl:|ng<1‘l>1 =1 (126)

where the superscript of g; represents the iteration
number. Note that the solution to (125) is analytic when
the dimension of A is one. A second simpler solution to
obtain 8L,y involves transforming to an eigenmode basis
using an unitary transformation (S), such that

STIAIS = Al _diag and  ST'TIS = Ti_giag (127)

where both A;_giag and T;_gisg are diagonal matrices. The
surface Green’s function in this new basis is simply a
diagonal matrix, whose elements are obtained by solving
the scalar quadratic version of (125). The Green’s function
in the original basis (in which 4] is not diagonal) can be
obtained using the inverse unitary transformation.

1) Electron (G") and Hole (GP) Green’s Function: The
electron density at any location in D, L, or R is equal to
(see the discussion of electron density in Section V-C)

L GGEE)
E) = 128
(E) =20 (128)
The governing equation for G" is
[EI —H-— 2:Phonon]Grl - Eilglhonon (129)

where G is the Hermitian conjugate Green’s function and
in
Phonon

scattering. Equation (129) gives the electron density in L,

is the in-scattering self-energy due to phonon

D, and R; its dimension is infinite due to the semi-infinite
left and right leads. It can, however, be converted to a
finite dimensional matrix with dimension equal to the
number of grid points/orbitals corresponding to the n
device layers by calculating the self-energy due to the L
and R leads. In a manner identical to the derivation of
(118) for the Green’s function, it can be shown that the
leads can be folded into layers 1 and n of the device to yield

[EI — H — Zphonon — Siead)G" = LG (130)

or

AG" = 2G! (131)

where A has been defined in (121). Equation (131) gives the
electron density only in the device (D) regions. We stress
that the elements of G" in (131) are exactly equal to the
elements of G" in the device region obtained from (129).

The self-energy " defined over device layers 1
through n has contributions due to both electron—phonon
interaction and leads

Zl1nl = Zlf?hononl,l + Ean (132)
Eiznn = ZE‘lhononn,n + E;{n (133)
E?q = iﬁ’hononqﬁq, where ¢=2,3,4,...,n—1. (134)

The in-scattering self-energies due to the leads X" and X
have forms very similar to (70) and (71) of Section V-C

S(E)= —2Im[%; (E)f (E) =TL(E)fu(E) ~ (135)
SR (E) = —2Im[X(E)|f(E) =Tr(E)fe (E)  (136)
where
T4 (E) = —2Im[%, ()] (137)
T(E) = —2Tm[Sk(E)]. (138)

fu and fr are the distribution functions in the left and
right leads, respectively (Fermi factors at equilibrium).
The self-energies ¥, (E) and Xr(E) have been defined in
(119) and (120).

The diagonal elements of the hole correlation functions
GP(E) represents the density of unoccupied states

h(7,E) = (139)
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The governing equation for G*(E) is

[EI —H— 2Phonon} Z:(1:)’1}11tonon (140)

or
ADDGP _ ZoutGT (141)
Eout1 11— Z(12’1}11‘(0110111 1 + ZEU‘G (142)
Eoutn n — 2(13)’1}11tononn n + Zﬁut (143)
yout, = Zgﬁtonm”, where i =2,3,4,...n—1 (144)

where Eop‘fl%non is the out-scattering self-energy due to
phonon scattering. The out-scattering self-energies due to the

leads ¥0"" and 2" have forms very similar to (88) and (89)

SPM(E) = —2Im[2L(E))(1 - fi(E))
=I'1(1-fi(E)) (145)
SR(E) = —2Im[Zr(E)|(1 — fo(E))
=Tr(1 - fr(E)) (146)

where 1—f;(E) and 1—f(E) are the probabilities of finding
an unoccupied state in the left and right lead at energy E.
Equations (131) and (141) for G" and GP can be written as

G" :A—lzinc]‘ _ GzinGT
GP =ATIYMGT = guoviGh.

(147)
(148)

While these equations appear often in literature, we do not
suggest using them to compute the diagonal elements of G"
and GP of layered structures. This is because their use requires
knowledge of the entire G matrix when ¥ is nonzero at all
grid points. Computation of the entire G amounts to inversion
of A. Matrix inversion is computationally expensive. The
diagonal elements of G" and GP of layered structures can be
computed more efficiently [23] without calculating the entire
G matrix using the algorithm developed in [23], a simplified
version of which is discussed in Appendix II.

2) Current Density: We will now present some expres-
sion for current density commonly used in literature. In
doing so, for brevity of notation we will drop the subscript
DD used in the above sections, and simply remember that
the Green’s functions represented by G and G" are over the
device layers 1 through n. The current flowing between
layers q and q + 1 is [which has a similar form to (85)]

ie dE .
Jooqt1 = 5 / TY[ 0.¢+1G"g+1.4(E)

= Tgs14G" g1 (E)]  (149)

Anantram et al.: Modeling of Nanoscale Devices

where Tr stands for trace. Equation (149) frequently
appears in the literature in other useful forms that are
derived below. Expanding both terms of (149) using (B10)
of Appendix I, we get

ie dE n
1= A Z/ﬂ TI"( {TLDGLI(E)TDLngl,ll(E)
+ TLDGnl,l(E)TDLngl,ll(E)}
B [TDLgIYju,n(E)TLDGTlvl(E)

+ TDLgIJ[ll.ll(E)TLDGHLI(E)} )

(150)
ie_ [dE
=2 [2E 05 [610(B) =G 01 (BTl o (BT
— G"1(E)Tpr,
x [gLu,n(E) _8111,11(15)} TLD)~ (151)
Using the relationships
EiLn = TDLgEn,nTLD (152)
—il'y =Tpy [ng1,11 - g}:ll,11:| Tip. (153)
Equation (151) can be written as
e dE
]L = EZ/ TI'( I:Gl,l(E) — GTLI(E)]
x SPM(E) — G4 (E)TL(E)).  (154)

Equations (149) and (154) are both general expression for
current density valid in the presence of electron-phonon
scattering in the device [17]. The advantage of using (149)
is that the current density can be calculated at every layer of
the device. This expression is useful in understanding how
the current density is energetically redistributed along the
length of the device as a result of scattering.

In the phase-coherent limit, where Xppouon = 0, we
expect to get the Landauer—Buttiker formula, which is a
special case of (149) and (154). We define matrices [ and T,
which consist of n diagonal blocks corresponding to the n
device layers (dimension of A matrix) and with the following
nonzero elements:

Ty =T1, TR, =Tk (155)

n,n

Now left-multiplying (122) by G and right-multiplying the
Hermitian conjugate of (122) by G, and subtracting the
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resulting two equations, we have

G-G =cl(z-xhe (156)

where 3 is the total self-energy due to phonons and the leads.
The Hermitian conjugate Green’s functions and self-energies
are G' and 1. In the absence of phonon scattering, the self-
energies only have components due to the leads and so (156)
can be written as

i[c — Gl = 6l(T, + )G (157)

where (137) and (138) have been used. It also follows from
(135), (136), and (147) that

G" = G(I'tfy + Trfa)G'. (158)

Now using (157) and (158) in (154), the current in the phase-
coherent limit is

n=52 [ SETEE - f(E)

- (159)

The total transmission at energy E is identified from (159) to be

T(E) = Tr[T[1(E)G(E)TR(E)G' (E)]. (160)

Note that to compute the total transmission using (160), only
tNhe elem~ents of G connecting layers 1 and n are required because
I'; and I'g are nonzero only in layers 1 and n, respectively.

A. Crib Sheet

The algorithmic flow in modeling nanodevices using the
nonequilibrium Green’s function consists of the following
steps (Fig. 12). We first find a guess for the electrostatic
potential V(r) and calculate the self energies due to the leads
[(175)-(185)]. The self-energies due to electron—phonon
scattering are set to zero. The nonequilibrium Green’s
function equations for G, G", and GP [(171)-(174)] are then
solved. Following this, the self-energies due to electron-
phonon scattering and leads [(175)—(185)] are calculated. As
the equations governing the Green’s functions depend on the
self-energies, we iteratively solve for the Green’s function
and self-energies, as indicated by the inner loop of Fig. 12.
Then, the electron density (diagonal elements of G") is used
in Poisson’s equation to obtain a new potential profile. We
use this updated electrostatic potential profile as an input to

Guess for potential profile

l

Solve for contact self-energies

»| Solve Non-Equilibrium Green’s Function Equations (G, G", G?)
Input: Device Geometry, Potential profile

Output: Electron density, Current, G, G", G”

Number

|

crunching step

| iterate |

Solve at

Equations governing scattering
Input: Electron-phonon deformation potentials
Output: Scattering rate, Self-energies 2, &', =

each energy

out

l

Poisson’s equation

Output: Potential profile

Input: Charge & doping densities, boundary conditions

Converged?
No
l Yes

Current & electron densities, Scattering rates

Fig. 12. Flowchart of a typical simulation involved in modeling of a nanodevice. (Adapted from [1].)
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solve for updated nonequilibrium Green’s functions and
continue the above process iteratively until convergence is
achieved (outer loop of Fig. 12). A number of equations that
are repeatedly used in nanodevice modeling are listed below.

1) Physical Quantities:
Scattering Rate

h
7@ L) = —2 Im[X(E) (161)
TiITn(E) — Eln‘out (E) (162)

Density of States (DOS) at (¥, E). Use recursive algorithm
to calculate DOS (Do not invert A).

N(7,E) = — = Im(G(7. 7, E)) (163)

Electron/Occupied density at 7. Use recursive algorithm to
calculate n (Do not use G" = GX"Gh).

=2 [ S ERE)

o (164)

Hole/Unoccupied Density at . Use recursive algorithm to
calculate h (Do not use G? = GXMGH).

- (165)

W) =2 [ S owRD)

Current density flowing between layers ¢ and g+ 1
(valid with scattering in device):

ie dE
e Ez / gTr [TQ=Q+1GZ+1,q (E) — Tq+14Gqq41 (E)

(166)

Current density flowing from the left lead into layer 1 of
device (valid with scattering in device)

h=t2 [ Sore{ifen® - )]st

h
~G,B(E) ) (167)
d .
-4 / ZETr{Gil(E)ElLH(E)
— G, (E)s (E)}. (168)
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Current density flowing from the left lead into layer 1 of
device (valid only in the phase coherent limit) is

=2 [ e - el a6

where the total transmission from the left to right lead at
energy E is given by

T(E) = Tr [T (E)G(E)Tr(E)G! (E)]. (170)

Only elements of G connecting layers 1 and n are necessary.

2) Equations Solved:

Green’s Function:

[EI —H—X]G(E) =1 — AG =1 (171)
Hermitian conjugate Green’s Function:
G'E)EI-H-X] =1 (172)
electron correlation function:
[EI — H — ¥|G"(E) = X™(E)G'(E)
— AG" = XGT (173)
hole correlation function:
[EI — H — X|GP(E) = X°"(E)G!(E)
— AGP = XoUGT (174)
EQ(E) = Eﬁ:ad (E) + E%honon (E),
where o € in,out (175)
Zﬁ%adl,l (E) =X (E) (176)
Sieadn (E) =R (E) (177)
Eféadiﬁi =0 Vi#£1ln (178)
and
['(E) = —2Im[%(E)] (179)
I'L(E) = —2Im[X.(E)] (180)
S (E) =TL(E)f(E) (182)
SR (E) =Tr(E)fx(E) (183)
SPM(E) =Tl - fi(E)] (184)

The diagonal and nearest neighbor off-diagonal elements
of G and G" are computed repeatedly as they correspond to
physical quantities such as the density of states, electron
density, and current. Nonlocal scattering mechanisms,
which require calculation of further off-diagonal elements,
are not discussed here.
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3) Useful Relationships:

i[G — G'] =GP + G" x DOS (186)
(X -x]=xoutyyn—r (187)
G -Gl =g[x! - %! (188)
=62l - %6 (189)

= —iGI'G' = —iG'TG (190)

G =g (191)

G =c. (192)

VII. APPLICATION TO A BALLISTIC
NANOTRANSISTOR

Quantum mechanics is playing an increasingly important
role in modeling transistors with channel lengths in the
10 nm regime for several reasons.

i) Tunneling from gate to channel and source to
drain determine the off current.

ii) Ballistic flow of electrons in the channel is
important as the channel length becomes compa-
rable to the electron mean free path.

iii) Classically, the electron distribution in the inver-
sion layer is a sheet charge at the Si-SiO; interface.

Quantum mechanically, the inversion layer charge is
distributed over a few nanometers perpendicular to the Si-
SiO; interface due to quantum confinement. Methods based
on the drift-diffusion and Boltzmann equations do not a priori
capture the quantum mechanical features mentioned above.

In this section, we will first discuss the NEGF equations

involved in the two-dimensional modeling of nanotransistors
within the effective mass framework [19], [23] and then
compare the quantum mechanical and semiclassical results to
point out the importance of the quantum (NEGF) formula-
tion. The related equations and their discretized matrix forms
that we solve are discussed in Section VII-A, while the
application of the quantum mechanical method to illustrate i)
the role of the polysilicon gate depletion, ii) the slopes of the
drain current versus gate voltage (I;-V,), and iii) the trans-
mission function T(E) are discussed in Section VII-B.

A. Related Equations and Discretization

The schematic of the cross-section of the simulated
nanoscale MOSFET is shown in Fig. 13. We consider Nj,
independent valleys for electrons within the effective mass
approximation. The Hamiltonian of valley b is

Hy(7) = Rld[(1d Ld(1d
BT mbdx/  dy \m)dy

Ld(1d
dz \mb dz

+ev(P) (193)

where (mg,ms,mi’) are the (x,y,z) components of the
electron effective mass in valley b and V(r) is the potential
energy. The equations for the Green’s function (G) and

electron and hole correlation functions (G" and GP) are

[E — Hy, (11)]Gp, b, (71, 72, E)

—/ dr' Xy, (71,7, E)Gy 3, (7, 72, E) = 83, 3,0(11 — 12) - (194)
and

[E — Hy, (7)]GL") (71, 75, E)
—/d7Ebl,b/(ﬂ,ﬁE)G;@(ﬁ72,]5)

_ / dr o0 (7,7, E)G), (772, E). (195)

The coordinate in (194) and (195) spans only the device.
The influence of the semi-infinite source (S), drain (D),
and polysilicon gate (G) leads and the electron-phonon
interaction are included via self-energy terms ¥, ;; and
Zlbrllfg,m), as discussed in Section VI. The lead self-
energies are diagonal in the band index X} | - = X -0, 1,
(C represents contacts = leads).

The electrostatic potential V(r) varies in the (x,y)
plane of Fig. 13, and the system is translationally
invariant along the z-axis. So, any quantity Q(7,7%,E)
depends only on the difference coordinate z; — z,. Using
the relation

- = dkz ik, (z;—z:
Q(rhVZaE):/EekZ(l 2>Q(x1,Y17X2,)22,kzaE) (196)

the equations for G and Grp) simplify to

h2k?
|:E - zm: - Hb(?l):| Gb(?h?Za kZaE)

- / &7 S, e, E)YG (7, P e, B) = (7 —72) (197)

and
k2 v | ) = =
|: - 2mz - Hb(rl):| Gb(p) (rla 2, kza E)

- /d? Eb(ﬂv ?a kz7 E)GZ<P)(F5 ?27 ku E)

= / dr =) (7, 7 ke, E)GY (T, Py ke E) - (198)
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Fig. 13. Schematic of the cross-section of the nanoscale MOSFET simulated. The equations are solved in a two-dimensional nonuniform
spatial grid, with semi-infinite boundaries as shown. Each column q corresponds to the diagonal blocks of the Green’s function equations.

(Adapted from [23].)

vices

where G =Gy, and Xf = Eﬁy&,bh and 7 — (x,y)
for the remainder of this section.

Equations (197) and (198) can be written in matrix
form as

AG =) (199)
AGMP) = pin(eu)gT, (200)

The self-energies due to S, D, and G are nonzero only along
the lines y = —L,/2, y = +L,/2, and x = —(Lp + toy) of
Fig. 13. Definitions of symbols for length variables are given in
Table 1. The A matrix is ordered such that all grid points at a y-
coordinate (layer) correspond to a diagonal block of
dimension N, and there are N such blocks. In the notation
adopted, A, 4, (i, 1') is the entry corresponding to grid points
(xi,yq) and (x¢,yg,). The index q refers to the layers in
Section VI and corresponds to the y-direction in Fig. 13. The
nonzero elements of the diagonal blocks of the A matrix are

Table 1 List of Abbreviations: Length Scales

tOE

oxide thickness

Lp

polysilicon gate thickness in z-direction

Lp

boundary of substrate region in z-direction

Ly

Poisson’s and NEGF equations are solved from
=Luf8 04Dy 2

L,

length of polysilicon gate region in y-direction

A

qq(b 1) =E — Vig = Toq(i+ 1,1) — Tqq(i — 1,0)

— Tgrq(is1) — Tom1,0(is 1) — Bs(xi, %) g1

- ED<xi7xi)6q,N - Ec(yq,yq)&;

Aq’q(i + 17 l) = Tq1q<i + ].7 l) - Es(xiil,xi)(sq,l

—3p (Xiﬂ, xi)5q,N

Aqq(i, i') = —ES(Xi,Xi/)(SqJ - ED(XiaXi')‘Sq,M

fori' #i,i+£1
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where E' = E — h’k?/2m, and Viq = V(xi,yq). The off-
diagonal blocks are

Aqil-,q(i7 i) = Tqil,q (i7 l) - EG(yqa))qil)éi,l

Aq‘q«(i7 i/) =0, for q/ #q,qt1 (204)
and the nonzero elements of the T matrix are
h? 2 1
Tyoli£1,i) = —— (205)
2m* xi g — xi1 X1 — xi
w2 2 1
Tqﬂ’q(iﬂ) = (206)

Zmiyqu — Vg1 |)’qil - yq|

where m™ = (Mix14 + miq)/2 and m = (Mige1 + migq)/2.
Nonzero elements of Ec(yq,yq/), where q’ #q, qt1 are
neglected to ensure that A is block tridiagonal. The algorithm
to calculate G and G" (Appendix II) relies on the block
tridiagonal form of A. The A appearing in (199) corresponds to
the delta function in (197). A is a diagonal matrix whose
elements are given by

4

Xit1 — Xi—l)(yq+1 - yq—l)

Aqq(isi) = ( (207)

B. Results
We now discuss the aspects of the quantum mechanical
transport in a two-dimensional ballistic nanotransistor.

10° "» @ MEDICI
o © 9 = flatbandin poly
10° §°
—+— quantum treatment of poly
10-10

0 0.2 04 0.6 08 1
Vo (W)

Fig. 14. Plot of drain current versus gate voltage from the quantum
mechanical and drift-diffusion (MEDICI) calculations at V; =1 V.

At small gate voltages, the drain current from MEDICI is comparable
to “flat band in poly.” The drain current from “quantum treatment
of poly” is, however, significantly different at all gate voltages.
(From [23].)

Wrr—7— T T 7 !
—~ —%—quantum : . :
% 400 [| =7 drift-diffusion
g 300 > :

T = =

o Vg=Vd=0

® 200

£ y=0nm

G 100 frovromd

2

[¢] : : : :
3 0 : : : :
T : : : 3 §
g ; s f A

100 ooty TR
O “\\ : /

200 - : i -

g N . [ —

5 4 3 2 4 0 1
X (nm)

Fig. 15. Potential profile at the y = 0 slice of MIT25, calculated using
quantum and drift-diffusion methods by assuming flat band in the
polysilicon gate. (From [23].)

The “MIT well-tempered 25 nm” device,! which is
referred to here as MIT25, is considered for the purpose
of discussions. The n+ doping is 2 x 10%° cm™3 in both
the source and drain regions while the n4 doping is
5 x 10%° cm™ in the polysilicon region. MIT25 has a
gate width of 50 nm and oxide thickness of 1.5 nm. The
effective channel length, defined here as the distance
between the source and drain positions where the doping
falls down to 2 x 10' cm™3, is around 25 nm. In all
calculations, we assume an isotropic effective mass for
electrons. “Quantum treatment of poly” refers to
computing the electrostatic potential in the polysilicon
region by setting the Poisson boundary condition for the
electrostatic potential deep inside the polysilicon region
and computing the electron density in the polysilicon
region quantum mechanically, while “flat band in poly”
refers to neglecting the potential drop in the polysilicon
region by setting the boundary condition for the electro-
static profile at the oxide-poly interface (at y = —tox).

We first compare the current (I3) versus voltage (V)
characteristics from our quantum and drift-diffusion
(using MEDICI) simulations, as shown in Fig. 14. In the
quantum case, there are higher off-current, higher
threshold voltage shift, smaller subthreshold slope, and
much higher on-current. The change in the threshold
voltage results directly from the very different boundary
for potential and the quantum treatment of electrons in
the polysilicon gate.

We now compare the conduction band profiles for the
two cases in Fig. 15. At polysilicon near the oxide-poly inter-
face, the quantum band bending is opposite to that for the
drift-diffusion case. For the quantum case, the conduction

1http:/ [www-mtl.mit.edu/researchgroups/Well/.
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|, (Afum)

I' Vd=1V

- == flat band in poly
’ — quantum treatment of poly

Fig. 16. Drain current versus gate voltage for V; = 1 V. Quantum
mechanical treatment of the polysilicon gate results in much higher
current (solid line). The triangles correspond to the I4(V,) calculated
using a flat band in the polysilicon region shifted by the equilibrium
built-in potential of 130 meV in the polysilicon region. (From [23].)

band is lower by approximately 130 meV. The physical
reason for the difference is that, although classically
electron density close to the interface is very high, quantum
mechanically the electron density there is very tiny. This is
because the electron wave function is tiny at the oxide
interface because of the large barrier due to the oxide. As
the density near the interface is much smaller than the
uniform background doping density, the conduction band
bends in a direction opposite to that computed classically.

Anantram et al.: Modeling of Nanoscale Devices

In Fig. 16, the Iy — V; characteristics is plotted both for
“quantum treatment of poly” and “flat band in poly” cases.
Also shown is the I — V; characteristic in the “flat band in
poly” case shifted by the 1-D equilibrium built-in potential
[23]. The gate voltage shift is approximately equal to the
band bending in the polysilicon gate. The 1-D built-in
potential shifted “flat band in poly” band is close to the
“quantum treatment of poly” band, but the difference
increases at higher gate voltages.

Fig. 17 plots the heights of the first quantum resonant
level (E,;) and the classical source injection barrier (Ej)
versus the gate voltage (a). Also plotted in the same figure
is the narrowing of the triangular well in the channel with
increase in the gate voltage (b). We see that, with
increase in Vg, E,; decreases more slowly compared to
both Ejp. The slower variation of E,; arises due to quantum
confinement in the triangular well in the channel that
becomes progressively narrower with increase in gate
voltage as shown in the right part of Fig. 16. This change
in confinement is not an issue in the classical case.
Because of the slow variation of E,; with the gate voltage
the subthreshold slope d[log(Is)]/dV, is smaller in the
quantum case compared to the classical case or drift-
diffusion case (Fig. 14). We note here that the
subthreshold current resulting from the simple intuitive
expression

—En
I= Iq()e kT

(208)

matches the quantum result quite accurately. Here I
is a prefactor chosen to match the current at V, = 0.

500 —4= E, (classical)
-o- E | .

400 -0- Erl' 207meV Gate oxide
;300
[
£200
3 ~/E Increasing V
- b 1
2 100 foce °’"‘:‘; ------------------------ - ra Increasing Vo E,,
W 0| Eremi .

§ “fo. 04 AV,
-100 o
-200
0 02 04 06 08 1
Vg (V)

Fig. 17. (a) Location of the first resonant level E,, and the classical source injection barrier Ey(classical) versus gate voltage. Note that E
decreases slower than E,(classical) with gate voltage due to narrowing of channel potential well. (b) Narrowing of the triangular well in the
channel with increase in gate bias. E,(classical) is the bottom of the triangular well, and the resonant level is shown by the horizontal line.

(Adapted from [23].)
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Fig. 18. Transmission (+) and density of states (solid) versus energy at
a spatial location close to the source injection barrier, at V; = 0 V and
V4 = 1 V. The peaks in the density of states represent the resonant
levels in the channel. (Inset) The density of states at three different
y-locations and total transmission (+). The points y = —7 and 0 nm are
to the left and right of the location where the source injection barrier is
largest (close to y = —4 nm). (From [23].)

The higher resonant levels do not carry appreciable
currents.

We will now address the value of total transmission in a
ballistic MOSFET. The transmission is related to drain
current (I5) by (159)

_Ze

=5 [ETERE -hE)] @09

where T is the total transmission from source to drain. fs
and fp are the Fermi factors in the source and drain,
respectively, and the factor of two accounts for spin. As
an electron transits from source to drain, the main
factors that determine the transmission probability are
the tunneling and the scattering in the two-dimensional
potential profile. The quantum mechanically computed
transmission versus energy is shown in Fig. 18. Four
points can be noticed from the transmission curve. First,
the transmission increases in a step-wise manner, with
the integer values at the plateaus equal to the number of
conducting modes in the channel. Secondly, the steps
turn on at an energy determined by the effective
“subband dependent” source injection barrier (which
depends on E,), that is, the maximum subband energy
between the source and drain due to quantization
perpendicular to the gate plane (x-direction of Fig. 13).
Thirdly, the total transmission assumes integer values at
an energy slightly above the maximum in 2-D density of

states as shown in the inset of Fig. 18. Fourthly, the
transition from one step to the next higher step develops
over an energy window of about 50 meV. Interestingly,
in the case of MIT25, the current is predominantly
carried at energies where the transmission is not an
integer.

VIII. APPLICATION TO
NANOTRANSISTORS WITH
ELECTRON-PHONON SCATTERING

The channel, scattering, and screening lengths become
comparable in transistors with diminishing channel
lengths and the ballistic transport becomes important
(Section VII). However, carrier transport is not fully
ballistic. Realistic nanodevice modeling will involve
phase-breaking scattering such that transport is between
the ballistic and diffusive limits. In this regime, in
contrast to long channel devices, carriers are not
thermally relaxed in the drain-end of the transistor and
are reflected towards the source-end. This reflection of
the hot carriers should be explicitly included in the
models to compute the drive current. It is in this
intermediate regime that the NEGF (with Poisson)
method has an advantage over solving the Schrodinger
and Poisson equations self-consistently.

In this section, we will first discuss the NEGF
equations involved in the two-dimensional modeling of
a dual-gate MOSFET (DGMOSFET) with electron—
phonon scattering and then illustrate the effect of scat-
tering on the MOSFET characteristics [24]. The related
equations, associated approximations and the discretized
equations that we solve, are discussed in Section VIII-A,
while the application of the NEGF method to demon-
strate the role of scattering on transport is discussed in
Section VIII-B.

A. Related Equations, Approximations,
and Discretization

Fig. 19 shows the schematic of the simulated device. If
we consider only the gate-to-gate direction, then we have a
1-D potential well sandwiched between the two oxides so
that the quantized energy levels in the channel (well) are
approximately given by

n?m2h?

ZmXTCZh (210)

n

where m, is the electron effective mass along the
x-direction and T, is the channel thickness, as shown in
Fig. 19. When T, is small, only a few (usually less than
four) subbands determine the current—voltage char-
acteristics. In such a case, the mode space approach [27]
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gives results comparable to a full 2-D simulation. The mode
space approach consists of solving a 1-D Schrodinger
equation along the x-direction at each y-position (layer). It
is computationally very efficient as it avoids solving a full 2-D
Schrodinger equation. The lowest three quantized energy
levels for a device with T, = 1.5 nm are 173, 691, and
891 meV above the bulk conduction band. The Fermi
energy at the lead doping of 1 X 10%° cm™3 is 60 meV
above the bulk conduction band. As a result, electrons are
injected only into the first subband from the source-end at
the operating voltage of Vg =V, = 0.6 V.

The three-dimensional effective mass Hamiltonian is
the same as (193). Noting that if the z-direction is
infinite, the wave function can be expanded as
®(x,y,2z) = e**¢p(x,y). Schrodinger’s equation is then

g ﬁzkf Rdf1d
ZmS 2 dy m)b) dy

R d (1 d>+V(x,y)>]¢(x7)’):o' (211)

2 dx s

In the first step of the mode space approach, we solve
the following x-directed 1-D Schrodinger equation at each
y-position (layer):

[ W2 d (Li) +V(x,y)]\lfn(x7y)

C 2dx mf; dx

= En(Y)\Ijn(XJ) (212)

where E,(y) is the subband energy and ¥, (x,y), the 1-D
x-directed wavefunction, both at a certain y. Here
n=1v,b, where v is the quantum number due to

lch
i
—
n* source I n+ drain

o Tch
R GATE

Fig. 19. Schematic of a DGMOSFET. Ex-s and Ex-d are the extension
regions and the hatched region is the channel. The white region
between the source/drain/channel and gate is the oxide. The device
dimension normal to the page is infinite in extent. (From [24].)
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quantization in the x-direction and b=1,2, and 3
are the valley indexes.

Then, the Green’s function equations for G, G" and G?
are solved for each subband n

Flzkf Rdf1d
poile (LEA(LA) g
2m! 2 dy \ mjdy
X Gn(y’y/7 kZ7E)
_/dylzn(y;yhkzaE)Gn(ylayl7ksz)

and

= 5(}’ _yl)7

E szf ﬁji ii +E (y)
2m? 2. dy \mydy "

X Gz@ (y,y’7 k., E)

(213)

B /dylzn(y’)h’ kZ’ E)Gx(’])(yl7yl7 kZ? E)

- / dyIE,iqn(Dut) ()’»)117 kzv E)

X Gl (y1,y, ks, E). (214)

m; and m] are the effective masses of silicon in the y- and
z-directions that give rise to subband index n. E,(y) is
effectively an electrostatic potential for electrons in
subband n. Note that in (213) and (214), the subscript n
refers to the subband index while the superscript n refers
to the type of Green’s function.

The self-energies can be written as

E;l = ES,C + 2S,Phonon (215)
::,Phonon = E;ie[ + 2ﬁ,inel (216)

where o € (empty), out, in. X . is the self-energy due to
the leads (contacts). The phonon self-energy 2 Phonon
consists of two terms: X' ; due to elastic and Eiinel due to
inelastic scattering. Only the lowest three subbands and
the electron—phonon scattering among them are consid-
ered. All other subbands and the scattering associated with
them are neglected because the population of the higher
subbands is negligible. The self-energy due to leads is
nonzero only at the first (source) and last (drain) grid
points.

Assuming isotropic scattering and a phonon reser-
voir in equilibrium, and using the self-consistent Born
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approximation, the self-energies due to electron—phonon
scattering at grid point y; are [15]

E?l,n (yi7 E)
sy 1
- Zijn, e /dEz—Gg, (yi, E-, E) (217)
o ’ ﬂ—ﬁ\/z vV Ez
Egllel,n ())i; E)

AL
n',n " Wﬁ\/ﬁ

1 m
x / dEZE[nB(Hwn)Gn,(yi,EZ,E — hw,)

+ () 1) 1, Ex BTy
(218)

and

Zineln v E)
. m"/
— Dl’”, 4
o
[nB(Hwﬂ)Gz’ (yi’ E;, E+ ﬁwn)

1
TV
+ (nB(ﬁwn)_"l)GZ’ (yiv E27 E_Hwn)]

(219)
o 1 DikT
Dn n 61/.1/’ + = 5b b 2 (220)
' ’ 2) 77 pv
. 1 D? h D? h
Dlr: ;, = (6,,_’,/ + —) 5b,b’ &1 + (1— 6b,b’) fn (221)
' 2 Plgn P

Here 7) represents the phonon modes; np represents the
Bose factor for phonons in equilibrium; and w;, wy, and
wyy represent phonon frequency due to intraband, g-type,
and f-type scattering processes due to mode 7,
respectively. Dp, Dgys and Dy, are the deformation
potential for acoustic intraband, g-type, and f-type
processes. p is the mass density, k is the Boltzmann
constant, T is the temperature, and v is the velocity of
sound. The values for the above quantities are taken
from [13]. b and b’ are indexes representing valleys. The
following scattering processes are included: acoustic
phonon scattering in the elastic approximation and g-type
intervalley scattering with phonon energies of 12, 19, and
62 meV. We also remark that the imaginary part of the
electron—phonon self-energy, which is responsible for
scattering-induced broadening of energy levels, and

energetic redistribution of carriers are included but the
real part is set to zero. While this approximation has
worked well for transistors, it should be used with
caution in other situations [24].

In the numerical solution, N uniformly spaced grid
points in the y-direction with the grid spacing equal to
Ay are considered. The discretized form of (213) and
(214) is then

AiiGo(yi, yis ke, E) 4 Aii41Gn (yis1, Y, ke, E)
+ Ai,i*lcn (yiflayla kz7 E)

Oy
= A—’y, and (222)
Ai,iGg (yi,yl{; kza E) + Ai,i—HG;K (yH—layl{a kz, E)
+A;i1G, (Yi—lvyl{a ke, E)
= X%(yi, E)G! (yi, Y, ke, E) (223)
where
h2k2 2
Ap=FE———t-——
’ 2m? m}'}Ay2
— E.(yi) — Z(yi, ks, E) (224)
ﬁ2
A= ——. 225
- 2ml Ay? (225)
The lead self-energies are
2 2
Y Jk\ E) = | ——— | g(k,, E 226
cbnkod) = (mas) 80 (226)
2 2
En akzaE =\5 A3 kZ7E 227
como) = (s ) b 227)
E;I}C(yl’ kzaE) = _ZIm(En.C(y17 kmE))fs(E)
=T'f(E) (228)
Einl‘lc())N7 kza E) = _ZIm(En,C(yN7 kza E))fd(E)
=T4fs(E) (229)
S08 (1, ke, E) = —2Im(E, (1, ke, E)) [1 = f(E)]
=TIl - f(B)] (230)
Eijlct(yNa kza E) = _ZIm(En,C(va kzv E)) [1 - fd(E)]
=T4[1 — fa(E)] (231)

where y; and yy are the leftmost (source-end) and
rightmost (drain-end) grid points, respectively; g(k,, E)
and gy(k,,E) are the surface Green’s functions of the
source and drain leads, respectively; and f; and f; are the
Fermi functions in the source and drain leads, respectively.
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The electron and current densities per energy given by
(128) and (149) can be simplified to

nn(}’iykmE):Gn(yivyivksz) (232)
ie 2
n l7kZ7E G, iy Yi aksz
ke ) =33 (G0 ke )
- Gz<yi+17yi7kzaE>j|' (233)

The total electron and current densities at grid point y;
are given by

i
Zﬂ'ﬁ\/—

dE 1
X/* dEzﬁnn(thsz) (234)

Zwﬁ\/—
dE 1
X /g dEz ﬁ]ﬂ(yiaEmE) (235)

where the prefactor of four in the above two equations
accounts for twofold spin and valley degeneracies. The
nonequilibrium electron and current densities are calcu-
lated in both the channel and extension regions using the
algorithm for G" presented in Appendix II.

The Green’s function and Poisson’s equations are
solved self-consistently in the following way. The electro-
static potential is calculated by solving a 2-D Poisson
equation using fixed boundary at the gate leads and
floating boundary (dV(y)/dy) = 0 at the source and drain
leads [19]. The applied drain bias corresponds to a
difference in the Fermi levels used in the source and
drain regions. This potential is used in the mode space
calculation to determine the 1-D charge density n(y).
Finally, the three-dimensional charge density is deter-
mined from

n(xivyh kzy E) = nn(yh kza E)|\I/n(xiayi)|2' (236)

The validity of the mode space approach has been tested
by [27]. It can be shown that the mode space approach is
valid when the wave function ¥,(x,y) at various y cross-
sections in (212) satisfies (d¥,(x,y)/dy) ~ 0. That is, the
shape of the wave function at each cross-section should
not change significantly along the transport direction.
This implies that intersubband scattering due to changes
in potential profile are absent. This approximation seems
to be valid for channel thickness of less than 5 nm in
silicon [27].

Anantram et al.: Modeling of Nanoscale Devices

B. Results

Using the equations presented in the previous section,
we show results illustrating the role of scattering along the
channel length of a nanotransistor. First, we show that in
devices where the scattering length is comparable to the
channel length, the nanotransistor drive current is affected
by scattering at all points in the channel. Secondly, we
show that when hot electrons enter the drain extension
region of a nanotransistor, the drain extension region
cannot be modeled as a series resistance. Instead, the drain
extension should be included as part of the nonequilibrium
simulation region.

The device considered has a channel length of 25 nm,
body thickness of 1.5 nm, oxide thickness of 1.5 nm,
doping of 1 x 10%° cm™3
extension regions, and an intrinsic channel. Scattering

in the source and drain

is included only from the source end of the channel
(=5 nm) to the right boundary of scattering Yg_gcatt by
setting the deformation potential in (220) and (221) to
zero to the right of Yr_gcatt. The scattering lengths are
decreased by a factor of a by modifying the deforma-
tion potential in (220) and (221) by an overall
multiplicative factor of +/c.

Fig. 20 plots the drain current as a function of
(Yr—Scatt). When the scattering length due to electron-
phonon interaction is 11 nm, the drive current degradation
is 30% due to scattering in the right half of the channel.
But when the scattering length is smaller (2.2 nm), the
drive current degradation is 15%. Thus the scattering in
the right half of the channel is important.

To illustrate the drain current degradation due to
scattering, we plot the current density J(y,E) as a

Pevice B, I‘_Ch =25 anl

(mA/um)

@]

5 0 5 10
Y

~10
R-Scatt (nm)

Fig. 20. Drain current versus Yy ... for two different scattering
lengths. The channel length is 25 nm. (From [24].)
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Fig. 21. Solid lines represent J(y E) for y equal to —17.5, —12.5, —7.5,
-2.5,2.5,7.5,12.5, and 17.5 nm, respectively, when scattering is
included every where in the channel. The dashed lines are the first
resonant level (E,) along the channel. The dotted lines represent the
first moment of energy with respect to the current distribution
function f EJ(y,E)dE. (a) and (b) correspond to L..... — 11 and 2.2 nm,
respectively. (From [24].)

function of energy at different positions y along the
channel (Fig. 21). J(y,E) shows the energetic redistribu-
tion of carriers along the channel. When the scattering
length is 11 nm, which is comparable to the channel
length, ](y7 E) in the right-half of the channel is peaked in
energy above the source injection barrier, as shown in
Fig. 21(a). Scattering causes reflection of these energetic
electrons toward the source. These reflected electrons
lead to an increase in the channel electron density
(classical MOSFET electrostatics). As the charge in the
channel should be approximately Cox(Vg — Vs), the
source injection barrier floats to a higher potential energy
to compensate for the reflected electrons. The increase in

the reflection, and thereby the source injection barrier,
leads to a decrease in drain current [14].

To gain further insight into the role of scattering, we now
plot J(y,E) for a scattering length of 2.2 nm [Fig. 21(b)],
which is five times smaller than the case of 11 nm [Fig. 21(a)].
As the channel length (25 nm) is much larger than 2.2 nm,
multiple scattering events now lead to an energy distribution
of current (in the right half of the channel) that is peaked
well below the source injection barrier.

The first moment of energy with respect to the current
distribution function, which is defined as the ratio of
J EJ(y, E)dE to total current, is also shown in Fig. 21 by the
dotted line with circles. This quantity is the mean energy at
which current flows. When the scattering length is much
smaller than the channel length, the carriers relax
classically such that the first moment [ EJ(y, E)dE closely
tracks the potential profile, as seen in Fig. 21(b).

To further demonstrate the use of NEGF simulations,
we study the role of scattering by assuming that the
extension regions can be modeled as a classical series
resistance. Within the classical series resistance picture,
the current with scattering (I5*"") can be related to the
current without scattering (I3*°*'*) by [26]

Isl_j)catt (VD) ~ Igoscatt(VD _ 6VD) (237)

where we have assumed that the source extension region
and device do not experience scattering. The potential drop
in the drain region within the classical series resistance
picture is 6Vp = " (Vp)Rp. In Fig. 22, the values of the

2 , ; ,
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OBl [ . S— -

Fig. 22. The I,(V,) plot in the ballistic limit is shown. Marked on this
plot are the drive current at V; = 0.6 in the ballistic limit, using the
series resistance picture and with scattering included using the NEGF
calculations. It should be noted that all three currents marked by the
arrows are calculated at V; = 0.6 V. (From [24].)
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drain current versus drain voltage in the ballistic limit are
plotted. The currents in the ballistic limit, using the
classical series resistance picture and with the NEGF
method including scattering, are all marked by arrows.
Note that these three values of currents are all calculated at
Vi = 0.6 V. It is seen from this plot that the current with
the NEGF method with scattering is significantly lower
than that obtained via the series resistance picture. Clearly,
the series resistance picture underestimates the detrimen-
tal nature of scattering in the drain end. The physics of the
large reduction in drain current was discussed in the
context of Fig. 21: When scattering in the channel does not
effectively thermalize carriers, the current distribution is
peaked at energies above the source injection barrier, upon
carriers exiting the channel. Scattering in the drain
extension region then causes reflection of electrons toward
the source-end. As a result, the source injection increases
so as to keep the electron density in the channel
approximately at Cox(Vg — Vs). The drain current de-
creases dramatically as a result of the increase in source
injection barrier height.

IX. DISCUSSION AND SUMMARY

Our objectives in this paper have been to:

i) review the underlying assumptions of the tradi-
tional, semiclassical treatment of carrier transport
in semiconductor devices;

if) describe how the semiclassical approach can be
applied to ballistic transport;

iii)  discuss the Landauer—Buttiker approach to quan-
tum transport in the phase coherent limit;

iv) introduce important elements of the non equilibri-
um Green’s function approach using Schrodinger’s
equation as a starting point;

v) demonstrate the application of the NEGF method
to the MOSFET in the ballistic limit and with
electron—-phonon scattering.

It is appropriate to make a few comments about the
computational burden of the various transport models. One
reason that device engineers continue to use drift-diffusion
simulations rather than the more rigorous Monte Carlo
simulations is the enormous difference in computational
burden. For semiclassical transport, the fundamental
quantity is the carrier distribution function f(?,lz,t) To
find f(7, E), we must solve the BTE, which is a six-
dimensional equation. The difficulty of solving this six-
dimensional equation is one reason that engineers continue
to rely on simplified models. For quantum transport, we can
take the Green’s function G"(r,7",E) as the fundamental
quantity. The Green’s function is a correlation function that
describes the phase relationship between the wavefunction
atrand 7’ for an electron injected at energy E. The quantum
transport problem is seven-dimensional, which makes it
much harder than the semiclassical problem. We can think
of ¥ and 7 as analogous to 7 and k in the semiclassical
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approach, but there is no E in the semiclassical approach.
The reason is that, for a bulk semiconductor or in a device in
which the potential changes slowly, there is a relation
between E and I;, as determined by the semiconductor
bandstructure E(k). When the potential varies rapidly,
however, there is no E(IZ ), and energy becomes a separate
dimension. Analysis of electronic devices by quantum
simulation is, however, becoming practical because device
dimensions are shrinking, which reduces the size of the
problem. Quantum simulations are also essential to
accurately model devices whose dimensions are comparable
to the phase-breaking length, and rely on tunneling and
wave interference for operation. The resonant tunneling
diode is the most successful example in this category.

We finally remark that the quantum mechanical
modeling outlined in this paper reduces to semiclassical
modeling when the device dimensions are much longer than
the phase-breaking scattering length. The transition from
the quantum to semiclassical regime was theoretically
addressed by [10] and [15], which derived the Boltzmann
transport equation starting from the nonequilibrium Green’s
function method. Similarly, the transition from the Wigner
function to drift-diffusion equations has been established in
[2]. The transition from quantum to classical transport in the
context of our discussion occurs when the self-energy
Yphonon in (105), which represents electron-phonon
interaction, is nonzero. Electron—phonon interaction causes
reflection and breaks the phase-coherent evolution of
electron waves incident from the contacts. Apart from
this, electron—phonon interaction causes energy dissipation
in the device. These features result in a transition from
quantum mechanical to classical behavior. B

APPENDIX I
DYSON’S EQUATION FOR LAYERED
STRUCTURES

Partition the device layers into two regions Z and Z' as
shown in Fig. 23. Dyson’s equation is a very useful
method that relates the Green’s function of the full
system Z + 7" in terms of the subsystems Z, 7' and the
coupling between Z and Z'. We will see below that, from a
computational point of view, Dyson’s equation provides
us with a systematic framework to calculate the diagonal
blocks of G and G" without full inversion of the A matrix.
The reader should note that Dyson’s equation has a
significantly more general validity than implied in our
application here [16].

A. Dyson’s Equation for G
The Green’s function equation over the device

layers [(122)]

AG =1
GA =1

(A1)
(A2)
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Fig. 23. Scheme of device for application of Dyson’s equation by splitting the device in two parts. (Adapted from [23].)

can be written as

Azz Azgzy Gzz Gzz I O
; ) ; ) — . A3
(Az’,z AZ’,Z’) (Gz/,z GZ’,Z’) (O I ) (43)
The solution of (Al) is
G =G’ +G°UG (A4)
=G% + GUG° (A5)
where
G= ( Gzz Gz >
Gzz Gzyz
o Gy, O _ A, O
0 Gy, 0 AY
0} —Az 7z
U= 22, (A6)
_AZ’,Z (0]

It is verified by direct substitution of solutions (A5) and
(A4) to (Al) and (A2), respectively, and then, using the
above defintions

(A+U)G° =1 (A7)

or

G°'(A+U) =1 (A8)

The Hermitian conjugate Green’s function (G') is by
definition related to G by

6" =6 + ¢PulG!
=G +Glu'ch.

(A9)
(A10)

Equation (A4) is Dyson’s equation for the Green’s
function.

B. Dyson’s Equation for G"
The electron correlation function equation over the
device layers [(131)]

AG" = ¥inGt (A11)
can be written as
(AZ,Z Az 7 ) Gz 7.7
AZ/ ’Z AZ/ 7Z/ Gg/ ,Z %r ,Z’
Ein Zin , GT GT ,
Zz’ﬂz Zz’ﬁz’ GIZ/,Z GZ’,Z’

The solution of (All) is
G" = G'UG" + %G (A13)

where G® and U have been defined in (A6). Functions G"
and G' are readily defined by (A11) and (A10), respectively.
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Using G = G'® + GI°U'GT, (A13) can be written as

G" =G"™ + G UG + GPuG™ (A14)
=G" + GUG™ + G"U'G® (A15)

where
G =G'%inG™. (A16)

APPENDIX II
ALGORITHM TO CALCULATE G AND G"

Why algorithm: A typical simulation of a nanoelec-
tronic device consists of solving Poisson’s equation self-
consistently with the Green’s function equations. The
input to Poisson’s equation is the charge density, which is
obtained by integrating G;q(E) over energy. The index q
here runs over the layers of the device. In order to
calculate the current density, one requires the elements
Gyor(E) from the diagonals adjacent to the main
diagonal. That is, we do not require the entire G" matrix
in most situations. Instead, just the three diagonals of
elements or of blocks of elements need to be calculated.
This also applies for the hole correlation function GP.

Provided that N, is the dimension of the Hamiltonian
of each layer and N is the total number of layers, the size of
the matrix A equals NyN. The operation count for the full
matrix inversion G = A™! is proportional to (NxN)3. The
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the G" matrix at each energy is approximately NN°
operations if G" = GYG' is used. Therefore, it is highly
desirable to find less expensive algorithms that avoid full
inversion of matrix A and specifically take advantage of the
fact that only the diagonal elements of Green’s functions
are required. Another reason to prefer such algorithms is
the memory storage. If one had had to retain the whole
matrix G in the memory, it might had not fit into the on-
chip cache and had required using slower access memory
(RAM or a swap file). That would have significantly slowed
down the calculations.

One such algorithm to calculate G" and GP that is valid
for the block tridiagonal form of matrix A developed in [23]
is presented in this section. The algorithm to calculate the
diagonal blocks of G was developed in [12]. The operation
count of this algorithm scales approximately as N2N. The
dependence on N? arises because matrices of dimension of
the sub-Hamiltonian of layers should be inverted, and the
dependence on N corresponds to one such inversion for
each of the N layers.

The algorithm consists of two steps. In the first step,
the diagonal blocks of the left connected and full Green’s
function are evaluated. In the second step, these results are
used to evaluate the diagonal blocks of the G" Green’s
function.

A. Recursive Algorithm for G
i) Left-connected Green’s function (Fig. 24): The
left-connected (superscript L) Green’s function gt
is defined by the first q blocks of (122) by [12]

computational cost of obtaining the diagonal elements of A1;q,1;qu T=1I44 (B1)
i
1 23 .. q:
0000000,
00 0600 0O, L I
(a) 0000000 Left-connected ¢g~4, g"~4
©0 0000 O
0000000,
1
!/
Z \Z
123 .. qiq+1
1
(b) Tesess :i: Left-connected gratl, gnlatl are written in
00000000 r f gla gnla sin n' ion.
- - A - terms of ¢4, g using Dyson's equatio
00 000000
1
Aq,q-l-l
ZZ?’L
¢,9+1
Fig. 24. lllustration for the relation between the left-connected Green’s functions for adjacent layers. (Adapted from [23].)
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where we introduce a shorthand I, ; = I1.q1,4. The
matrix g'™! is defined in a manner identical to g
except that the left-connected system is composed
of the first ¢ + 1 blocks of (122). In terms of (A3),
the equation governing g"™! can be expressed via
the solution g by setting Z = 1: qand Z' = q + 1.
Using Dyson’s equation [(A4)], we obtain

-1
Lq+1 L
gq<qH e+ = (Aq+1,q+1 - Aq+1,ngﬁ1Aq,q+1) . (B2)

Note that the last element of this progression g*" is
equal to the fully connected Green’s function G,
which is the solution to (122).

Full Green’s function in terms of the left-connected
Green’s function: Consider the special case of (A3)
in which Azz; = A114, Azz = Agr1Ngr1N> and
Azz = Arqqi1n- Noting that the only nonzero
element of Apqqi1.n is Agqr1 and using (A4), we
obtain

gq q + gq q ( qq+1Ggt1.4+14q+1, q)gq q (B3)
:gq,q - gﬁ,qu,q-‘rle-&-l,q- (B4)

The equations for the adjacent diagonals are
obtained similarly as

Gq+1.q = _Gq+1,q+1Aq+1,qgéz (BS)

L
Goqr1 = —&qtAqq+1Garigi- (B6)

Both G, 4 and Gy 1,4 are used in the algorithm for electron

density, and so storing both sets of matrices is necessary.

Making use of the above equations, the algorithm to
obtain the three diagonals of G is as follows.

D
2)
3)
4)
5)

6)

11 _ p-1
&1 = A -
Forq=1,2,...,N —1, compute (B2).
For q=1,2,...,N, compute (qu)T,
Coo v — ol qq
NN = 8qqr

Forq=N—-1,N—2,...,1, compute (B5), (B6),
and (B4) (in this order).
For ¢q=1,2,...,N, compute (Gq,qﬂ)T and
(Gyirg)"

qtlq) -

B. Recursive Algorithm for G"

i)

1546

Left-connected G" (Fig. 24): The function g"™ is
the counterpart of qu and is defined by the first q
blocks of (131) [23]

nL 1L
Arqiqg " = qu 1:q 81: qq1 q (B7)
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8q+1,q+1 = Egt1q+1

mn
Gq+1 q

nLatl js defined in a manner identical to g"

8
except that the left-connected system is composed
of the first g + 1 blocks of (131).

The equation governing g"*! follows from (A12)
by setting Z=1:q and Z' = q+ 1. Using the
Dzsons equations for G [(A4)] and G" [(Al4)],
4 " «+1 1s recursively obtained as

nLq+1 Lg+1 in in Lq+1f
[Eq+l,q+1 + 000 |8qnn (BS)

where af;ilequngngA;qH. Equation (B8)

has the physical meaning that g;iqltﬁl has
contributions due to an effective self-energy
due to the left-connected structure that ends at
¢, which is represented by O’;’}H and the diagonal
self-energy component at grid point q+1 (3],
of (131)).

Full electron correlation function in terms of
left-connected Green’s function: Consider (A12)
such that AZ :Alzq,l:q’ A/Z :Aq+1:N,q+1:N and
Azz = Apqqi1n. Noting that the only non zero
element of Aygq 1.n is Agqs1 and using (Al4), we
obtain

nL nLqat T
=8~ 8abaqr1Coing ~ 8gataaniGoag (B9)
Using (A15), Ggi1,q Can be written in terms of

G" , and other known Green'’s functions as

q+1,q+

L T L
Gq+11q+lAq+1‘qg;,qq - GZ+17q+1Aq+1vqg;qq . (B]_O)

Substituting (B10) in (B9) and using (A4) and
(A5), we obtain

nLq q
= 84q +g§7q( 24+1Cg 41,114 q+17q>gqq

Lq T i L
- |:g:1[,qqu,q+1Gq+1.q + Gq,q+1Aq+1,qgg,qq:|« (B11)

The terms inside the square brackets of (B11) are
Hermitian conjugates of each other. In view of the
above equations, the algorithm to compute the
diagonal blocks of G" and GP is given by the fol-
lowing steps.

D gt = ghshen’.

2) Forgq=1,2,...,N—1, compute (BS8).

3) Gy = gz'%qN



4) For qg=N-1,N—-2,...,
and (B10).
5) Use Gl = (Gl )"
6) Use e l(G Gh —an.

The above algorithm is illustrated by a Matlab code in
Appendix III.

Challenging problem: The algorithm presented here
solves for the three block diagonals of G, G", and GP.
Each of n blocks on the main diagonal corresponds to a
layer of the device. All blocks in the three diagonals are
treated as a full matrix. It is highly desirable to find a

1, compute (B11)

more efficient algorithm that finds only the diagonal
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elements within each block rather than complete
blocks.

APPENDIX III
CODE OF THE RECURSIVE ALGORITHM

The listing of Matlab code recursealg3d.m is provided
here for illustration of the algorithm described in
Appendix II. Open-source simulation tools written in
Matlab and using this algorithm are nanoMOS [19], [20],
for a 2-D semiconductor transistor, and MOSCNT [11], for
a carbon nanotube transistor.

function [Grl,Grd,Gru,Gnl,Gnd,Gnu,Gpl,Gpd,Gpu,grL,ginL] . ..

= recursealg3d(Np,Al,Ad,Au,Sigin,Sigout)

%% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %
% function [Grl,Grd,Gru,Gnl,Gnd,Gnu,Gpl,Gpd,Gpu,grL,ginL] . ..

% = recursealg3d(Np,Al,Ad,Au,Sigin,Sigout)

% recursive algorithm to solve for the diagonal elements of

% the nonequilibrium Green’s function

% “1” = lower diagonal, size (1, Np-1)=[G(2,1) ...

% “d” = main diagonal, size (1,Np) = [G(1,1) ...

% “u” = upper diagonal, size (1,Np—1) =
% Grl, Grd, Gru=retarded Green’s function
% Gnl, Gnd, Gnu=electron Green’s function
% Gpl, Gpd, Gpu=hole Green’s function

% grL=left-connected Green’s function

% ginL=left-connected in-scattering function
% Np= size of the matrices

% Al, Ad, Au= matrix of coefficients

G(end,end-1)]
G(end, end)]
[G(1,2) ....

G(end — 1, end)]

% Sigin= matrix of in-scattering self-energies (diagonal)
% Sigout= matrix of out-scattering self-energies (diagonal)
% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %
% Dmitri Nikonov, Intel Corp. and Siyu Koswatta, Purdue University, 2004
%% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %
flag Gp = ‘no’;
Al cr = conj(Au);
Ad_cr = conj(Ad); % Hermitian conjugate of the coefficient matrix
Au_cr = conj(Al);
grL = zeros(1,Np);
ginL = zeros(1,Np);
gipL = zeros(1,Np);
Grl = zeros(1,Np — 1);
Grd = zeros(1,Np);
Gru = zeros(1,Np — 1);
Gnl = zeros(1,Np — 1);
Gnd = zeros(1,Np);
Gnu = zeros(1,Np — 1);
(
(
(1,

% initialize left-connected function
% initialize left-connected in-scattering function
% initialize left-connected out-scattering function

% initialize the Green’s function

% initialize the electron coherence function

Gpl = zeros(1,Np — 1);
Gpd = zeros(1,Np);
Gpu = zeros(1,Np — 1);
grL(1) = 1/Ad(1);

% initialize the hole coherence function
% step 1
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forq=2:Np % obtain the left-connected function
grl(q) =1/(Ad (q) — Al(q — 1) *grl(q — 1) x Au(q — 1));

end

gal = conj(grL); % advanced left-connected function

Grd(Np) = grL(Np); % step 2

forq=Np—-1):-1:1
Grl(q) = —Grd(q+1) * A1l(q) * grL(q); % obtain the subdiagonal of the Green’s function
Gru(q) = —grL(q) * Au(q) * Grd(q + 1); % obtain the super-diagonal of the Green’s function
Grd(q) = grL(q) — grL(q) * Au(q) * Grl(q); % obtain the diagonal of the Green’s function

end

Gal = conj(Gru);

Gad = conj(Grd); % advanced Green’s function

Gau = conj(Gal);

ginL(1) = grL(1) * Sigin(1) * gaL(1); % step 3

forq=2:Np

sla2 = Al(q—1) *xginL(q — 1) * Au_cr(q — 1);

prom = Sigin(q) + sla2;

ginL(q) = real(grL(q) * prom x galL(q)); % left-connected in-scattering function
end
Gnd(Np) = ginL(Np); % step 4
forq=Np—-1):-1:1

Gnl(q) = —Grd(q+1) * A1(q) * ginL(q) — Gnd(q + 1) *Al_cr(q) * gal(q);

% obtain the lower diagonal of the electron Green’s function

Gnd(q) = real(ginL(q) + grl(q) * Au(q) * Gnd(q + 1) x Al cr(q) * gal(q) ...

—(ginL(q) * Aucr(q) * Gal(q)+ Gru(q) * Al(q) * ginL(q) ));

end
Gnu = conj(Gnl); % upper diagonal of the electron function
switch flag Gp
case ‘yes’
gipL(1) = grL(1) * Sigout(1) * gaL(1); % step 5
forq=2:Np

sla2 = Al(q—1) *xgipL(q — 1) * Au_cr(q — 1);

prom = Sigout(q) + sla2;

gipL(q) = real(grL(q) * prom x gaL(q)); % left-connected out-scattering function
end
Gpd(Np) = gipL(Np); % step 6
forq=Np—1):—-1:1

Gpl(q) = —Grd(q +1) * A1(q) * gipL(q) — Gnd(q + 1) *Al_cr(q) * gaL(q);

% obtain the lower diagonal of the hole Green’s function

Gpd(q) = real(gipL(q) + grl(q) * Au(q) * Gpd(q + 1) x Al cr(q) * gal(q) ...

—(gipL(q) * Aucr(q) * Gal(q) + Gru(q) * Al(q) * gipL(q) ));

end

Gpu = conj(Gpl); % upper diagonal of the hole function
case ‘no’

Gpl =ix* (Grl — Gal) — Gnl;

Gpd = i * (Grd — Gad) — Gnd; % hole Green’s function

Gpu = i * (Gru — Gau) — Gnu;

end

Gnd = real(Gnd);

Gpd = real(Gpd);

jnzer = £ind(Gnd<0);

Gnd(jnzer) = 0;

jpzer = £ind(Gpd<0);

Gpd(jpzer) = 0;

9% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %
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