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ABSTRACT

The scattering theory of transport has been shown to provide a rigorous theoretical
framework for the description of normal mesoscopic systems. This approach is based on the
observation that, aslong as dissipative processes in the active region can be neglected, each
scattering eigenstate communicates with one and only one reservoir and as such can be
assumed to be in equilibrium with that reservoir. Thisallows usto calculate any quantity of
interest under non-equilibrium conditions using a simple extension of equilibrium statistical
mechanics, without the need to solve complicated kinetic equations. In this review we
discuss how the same approach can be applied to mesoscopic systems including
superconducting segments and relate this approach to the commonly used Green's function
formalism.
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1. Introduction

The scattering theory of transport (often referred to as the Landauer-Buttiker
formalism) provides a powerful theoretical framework for the description of current flow in
normal mesoscopic conductors[1.1, 1.21, when thereis negligibledissipation in the active
region. Under these conditions, the scattering formalism has been shown (see for example,
section 8.7, Ref.[1.2]) to be equivalent to the non-equilibrium Green's function (NEGF)
formalism which provides a general framework for the description of quantum transport.
The scattering formalism is conceptually far smpler making it a very appealing alternative
in the domain whereit does apply.

‘Theoretical work on non-equilibrium superconductivity has traditionaly been based
on the Green's function formalism. From the experience with normal mesoscopic
conductors, it seems natural to expect that scattering theory will aso provide asimple but
accurate alternativefor the description of mesoscopic superconductingstructures, provided
the dissipation in the active region can be neglected. The purpose of this review is to
provide a clear formulation of the scattering theory of transport for mesoscopic
superconductors, showing the similarities and differenceswith normal conductors. Some
of the results are simply "re-derivations' and we have tried to cite the earlier works
whenever possible.

Scattering theory of transport in normal conductors
Let us briefly review the scattering theory of transport in normal conductors. The
earliest work on theselines can be traced back to Frenkel in 1930 [1.3], when he derived
an expression for the current, I, in a metal-insulator-metal junction in terms of the
transmission probability, T :

I~ [dET(B)[f,(E) - f,(E)| (1.1)

herefi(E) and f»(E) are the Fermi functions describing the electron energy distributions in
the two metals. Since this early work, numerous authors have applied this approach to the
description to tunneling conductors [1.4]. However, the common belief was that this was
essentially a "weak-coupling approach™ applicable only when the transmission probability
is much less than one (T << 1).



Contact resistance - Landauer was probably the first to take this approach seriously
even for "strong coupling” and he drew attention to the subtle questions that arise when the
transmission probability is close to one [1.5]. If we linearize Eq.(1.1) to obtain an
expressionfor the low bias conductance, G

I~ T(Ef)[ul—uz] - G~ T(E,) (1.2)

we see that the conductance s finite even for ballistic conductors (T = 1). But how can a
ballistic conductor have a non-zeroresistance? Thisled to much controversy and argument
in the 1980's, till it wasfinally realized that this non-zero resistance wasredlly an interface
(or contact) resistance between the conductor and the large reservoirs [1.6]. The clear
experimental observation of this interface resistance in 1988 [1.7] finally settled the
controversy and madeit clear that the scattering approach was applicablenot just to weakly
coupled tunneling systems but even to strongly coupled ballistic systems. In section 4 we
will discuss how thiscontact resistanceis changed in the presence of superconductors.

Exclusion principle ? Another significant development in the 1980's was Bulttiker's

extension of the scattering formulation to multi-terminal conductors in magnetic fields
[1.8]. Eq.(1.1) isthen generalized to read

1

I = Eh‘ijdE ST,(E) ()~ ST,(E)f () (1.3)
] J

where fi(E) is the Fermi function describing the electron energy distribution in the ith
terminal :

_ f(€)e _ i
f.(B)= fy(E-p,) where 0® = ee/kBT+1 (1.4)

Thisextension of Eq.(1.1) raises a very important question. Why have we not included (1-
f) factorsin Eq.(1.3) to account for the exclusion principle? Should we modify it to read

2e



If the transmission is reciprocal (Tjj = Tj;) then the (1-f) factors make no difference - the
extratermsjust cancel out. But some of the most impressive successesof Buttiker's multi-
termina formula involve non-reciprocal transmission (Tjj = Tjj) in magnetic fields, and
including the (1-f) factors would change the predictionssignificantly. We will now present
an argument which makesit clear that the (1-f) factors should not be included.

It is well-known that in equilibrium statistical mechanics we can calculate the
expectation valueof any one-particleoperator Ap, if we know theeigenstates |m) and the

corresponding elgenenergies €, for the system:

A= Y (m|Aop|m) fo(em —E¢) (1.5)

m

Here Ey is the equilibrium Fermi energy. Under non-equilibrium conditions, however, the
occupation factor for different states is not given by the Fermi function and one has to
calculate it by solving some kinetic equation (in general we have to calculate the off-
diagonal elementsof the density matrix as well).

In open systems, the eigenstates take the form of scattering states consisting of an
incident wave in one lead and scattered wavesin al the leads (Fig.1.1). We assume that
there are no scattering processesinside the deviceor at the device-contact interfacesthat can
transfer an electron from one scattering state to another. The scattering theory of transport
is based on the observation that under these conditions, each scattering state remains
in equilibrium with a particular reservoir. This is because it communicates with
one and only one contact, namely the one connected to the lead from which it is incident.
Consequently it can be assumed to bein equilibrium with that contact, so that its occupation
factor is given by the corresponding Fermi function. This allows us to calculate non-
equilibrium quantitiesusing asimple extensionof Eq.(1.5) :

A= X <m|Aop|m> fo(€m —Hm) (1.6)

where |, is the electrochemical potential in the reservoir from which the state 'm’ is
incident. It is apparent from this derivation why (1-f) factors should not be included. After
all, no one would argue for including such factorsin Eq.(1.5). As such thereis realy no
reason to include it in Eq.(1.6) either [1.5, 1.91.



Reservoir 1 Reservoir 2
Lead 1 Lead 2

W ka:

No reflection No reflection

Fig.1.1. In open systems, the eigenstates take the form of scattering states
consisting of an incident wave in one lead and scattered waves in all the
leads. Two such scattering states incident from two different leads are
shown. The scattering state shown in (a) has an electrochemical potential
w1, while that shown in (b) has a potential u,.



Current formula : We can apply Eq.(1.6) to calculate any quantity of interest such as
terminal currentsor charge density. For example, if I; representsthe current in lead 'i', then
it can be shown that

ev;(k)

(K| i, opli-k) 8 - Ty (1.7)

where

j-k) represents an eigenstate originating in lead 'j' with wavevector 'k’ and Tj; is
the transmission probability from lead j' to lead 'i'. To simplify the book-keeping, we are
assuming each lead to be single-moded; for multi-moded |eads we could conceptually trest
each mode as a separate lead, or we could add a mode index. Substituting Eq.(1.7) into
Eq.(1.6) and making useof the prescription (L : normalization length, v(k): group velocity)

L dE
== (1.8)
n” Av(k)

L
2 (for spin) x — Jdk
7 (for spin) or, Jdk -

to convert the summation over 'k’ into an integral, we obtain

= 2 dE%[Sij—Tij(m] £5(B) (1.9)

The result quoted earlier (see Eq.(1.3)) can be obtained from thisexpression by making use
of the "sum rule"

Z’Tij = Z’Tﬁ
J

J

whichis aconsequencedf the unitarity of the scattering matrix (seeRef.[1.2], p.122).

An interesting point to noteis that the transmission coefficients Tj; are calcul ated
from lead 'i' to lead 'j and not from reservoir 'i' to reservoir 'i' (see Fig.1.1). From a
practical point of view this makesthe job of calculating the transmission coefficients much
simpler, since we do not need to worry about the detailed nature of the connection between
the lead and the reservoir. From a conceptual point of view this is somewhat surprising,
since the conductance given by Eq.(1.2) includes the interface res stance between the lead
and the reservoir.



Summary - The modern scattering theory of transport represents a smple and elegant
extension of equilibrium statistical mechanics (cf. Eq.(1.5)) that allows us to deal with
non-equilibrium problems (cf. Eq.(1.6)) in mesoscopic structures where the active
region is small enough that dissipative processes can be neglected. Scattering theory is
based on the observation (or the 'ansatz’) that as long as there are no inelastic processes,
the density matrix remainsdiagonal in the scattering state representation :

p(m,n) = 8mn fo(€m —Um)

Once the density matrix is known we can of course cal cul ate the expectation value of any
one-particle operator asindicated in Eq.(1.6). We can even eval uate two-particle operators
like current correlations, as we will discuss in section 6. This simple observation thus
results in an enormous simplification over conventional non-equilibrium statistical
mechanics where one has to solve complicated kinetic equations to obtain the density
matrix.

It is important to note this subtle difference between the scattering theory of
transport and theories based on the tunneling Hamiltonian. In tunneling Hamiltonian
theory, electrons make transitions from one reservoir to another via the "weak link"
provided by the device. It then seems natural to include the (1-f) factors to acount for the
Pauli blocking. Such a viewpointisonly valid for weak coupling. The modern scattering
theory of transport, on the other hand, is valid for arbitrary coupling. Here we are ssmply
filling up one-particleeigenstatesfrom different reservoirs, and thereis no logical reason to
include the (1-f) factors. This distinction was clearly noted by Blonder, Tinkham and
Klapwijk in their classic paper on normal-superconductor (N-S) junctions (see Ref. [3.1]).
For simple N-S junctions the difference was purely philosophical - the (1-f) factors
canceled out making no differenceto thefina result. But the differencecan be significant in
apractical sensefor multi-terminal structures.

We will now describe how one can apply this viewpoint to mesoscopic structures
that include superconductors. We will focus on the theoretical framework, mentioning
experiments only incidentally. A recent review of the experimental developments can be
found in Ref. [1.10]. A good collectionof recent papers by leading researchersin thisfield
can be found in Ref.[1.11].



2. BdG-based scattering theory

As we have seen, the basic strategy in the scattering theory of transport is to
construct scattering states and fill them up according to their reservoir of origin. For normal
conductors, the scattering states are based on the Schrodinger equation. In the presence of
superconductors, we need to use the Bogoliubov-de Gennes (BdG) equation to construct
the scattering states, as we will describe in this section. A formal derivation of the BdG
equation starting from the BCS Hamiltonian is provided in appendix A. Here we will adopt
amore heuristic approach and try to concentrate on resultsand physical explanations.

We proceed as follows. (1) First we will try to motivate the BdG equation by
showing that it follows almost inevitably if we accept the phenomenon of Andreev
reflection at normal-superconductor interfaces as an experimental fact. However, the BdG
equation describes not only normal-superconductor interfaces, but also bulk
superconductors, homogeneous and inhomogeneous. Indeed, (2) we will show that the
BdG equation can be viewed as a one-particle wave equation whose states can befilled up
systematically to describe the superconductingstate, in much the sameway that wefill up
the states of the Schrodinger equation to describe the normal state. This justifiesthe use of
the BAG equation to construct a scattering theory in the same way that the Schrodinger
equation is used for normal systems. (3) We will then obtain an expression for the
expectation value of any quantity of interest in terms of the occupation factors of the
different eigenstates (cf. Egs.(1.5) and (1.6)). (4) Finaly we will discuss how we can
assign different occupation factorsto different scattering states depending on their reservoir
of origin, pointing out the different issuesthat can arisein different typesof structures.

Andreev reflection

The basic phenomenon that distinguishes superconductive mesoscopic systems
from normal ones is that of Andreev reflection [2.1]. In normal reflection, an up-spin
electron incident with energy E is reflected back as an up-spin electron with the same
energy. In Andreev reflection, on the other hand, an incident up-spin electron with energy
E "drags' a down-spin electron with energy 2Ef - E along with it into the superconductor.
Thisleaves behind an empty statein the down-spin band that flows away from the interface
(seeFig.2.1a). How can we write down a one-particle wave equation that will describethis
process ?



(a)
down-spin up-spin
Andreev Ordinary Incident
. ) electron
reflection reflection
NORMAL SUPERCONDUCTOR
(b)
Reflected Incident
+E up-spin
f electrons
P k
down-spin
holes

Andreev
reflected

Fig.2.1. Andreev reflection : (a) An incident up-spin electron with energy
E "drags" a down-spin electron with energy 2Ef - E along with it into the
superconductor. This leaves behind an empty down-spin state that flows
away from the interface. (b) Same process shown with the down-spin band

flipped in energy about E = 0 and k=O to correspond to holes



Let us first write down two separate wave equations for up-spin electrons and
down-spin holes. If H isthe standard one-electron Hamiltonian (V : scalar potential, A :
vector potential)

(P-eA)?
2m

H= eV (2.1)

then the wave equation for electrons is smply the standard Schrodinger equation
in(0¥ /at) =HY. The wave equation for holes is the complex conjugate of the

corresponding equation for electrons : ik(d'¥, / at) = —H*‘Ph, because the hole wave
functionis the complex conjugate of the corresponding el ectron wave function. Thiscan be
justified heuristically by noting that in the second quantized formalism the creation operator
for holes () isthe Hermitian conjugate of that for electrons(y ™). Wecan thuswrite

Up-spin electrons Down-spin holes
ou' * oV
Hu = ih— -H VvV = ih—
ot ot

The reason for using the primes on u' and v' will be clear shortly. From these wave
equations, it followseasily that the energy band for holesis the mirror image (about E =0
and k =: 0) of that for electrons as shownin Fig.2.1b.

To describe Andreev reflection, we need to couple an up-spin el ectron with energy
E to a down-spin hole with energy - (2Eg¢ - E). This is accomplished by the following
eguation:

H A 2B o »
A=|ce+i2Eft/h - v ! 5 v (2:2)

The pairing potential A e 12Eft/A

If A isequal to zero, we recover the uncoupled equationsfor the up-spin electron and the
down-spin hole.

Thetime-dependence e is needed to cause the change in energy from E to
E-2Ey. It is common to suppress this time-dependence through a gauge transformation
defined by

provides the coupling necessary for Andreev reflection.

i2E¢t/h
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Andreev Ordinary Incident
Reflection Reflection Electron
T E=0
down-spin up-spin
holes electrons

Fig.2.3. The gauge transformation in Eq.(2.3) shifts the electron band
down in energy by Ef and shifts the hole band up in energy by the same
amount, making the process of Andreev reflection look "elastic".

(a) (b)
@ Up-spin
N /./ﬁ S electron S /./'l S
& 0 ﬁglxzn-spin l‘/e/
<+ 4>
) €o

Fig.2.3. Andreev reflection processes occurring in (a) a clean normal-
superconductor (N-S) interface, and (b) a clean bulk superconductor. The
coherence length &, (=#ve/ A, ve: Fermi velocity) is the distance that an
electron travels in a time = #/A, which is the time that it takes for an up-
spin electron to be converted into a down-spin hole. Adapted from Ref.2.4.



11

+Et/h
u=ue

, ~iEt/h

and v=ve (2.3)

This transforms Eq.(2.2) into the standard form of the equilibrium BdG equation [2.2]:

e el P15 )
* * =ih— (2.4)
A —H -Ep| v at |v

The gauge transformation effectively shifts the electron band down in energy by Ef and
shifts the hole band up in energy by the same amount, making the process of Andreev
reflection look "elastic” (seeFig.2.2).

It isimportant to note, however, that if there aretwo or more superconductorswith
different electrochemical potentials, then the time-dependence cannot be completely
transformed away. The non-equilibriumBdG equation has the form [2.3]

(H""Ef) A e—i2u(r)t/h u . a u
* +i2(r)t/h * = ih— (2.5)
A eti2H - H'-Ep) |V ot v

where the local electrochemical potentia is given by (Ef t+ u(r)). We can choose the
reference energy Ef such that u(r) is zero in one of the superconductorsand the pairing
potential in that superconductor will not vary with time. But the pairing potential(s) in the
other superconductor(s) will still be time-varying. Thisleadsto the wel-knovvn Josephson-
type effects. Note that Eq.(2.5) cannot be transformed into

i ) =ih— (WRONG)
A —H -E —pep|lv] e v

We have tried to show above that if we accept Andreev reflection a normal-
superconductor (N-S) interfaces as an experimental fact then we are led inevitably to the
BdG equation. The pairing potential A leadsto Andreev reflection, in much the same way
that a change in the ordinary potential (denoted 'eV' in Eq.(2.1)) leads to ordinary
reflection. However, this phenomenon is not limited to N-S interfaces. Inside a bulk
superconductor repeated Andreev reflection leads to a modification of the energy
eigenstates, just as repeated ordinary reflections inside a solid lead to the formation of
Bloch states and energy bands (see Fig.2.3).
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NORMAL SUPERCONDUCTING
(A= 0) (a= 0)

AN AN
N N

Fig241. Eigenstates of the BdG equation for a normal conductor (A= 0)
and a superconductor (A= 0). A gap of 2A opens up symmetrically

around E = 0.
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We will now discuss the nature of the eigenstates in a bulk superconductor. This
will be useful in understanding the connection between the BdG equation and the BCS
ground state.

Eigenstates of the BdG equation
Let usassumefor simplicity that the pairing potential A is spatially constant. We
can then write each eigenstate 'M' of the BdG equation (see Eq.(2.4)) in terms of asingle
eigenstate'm’ of H :

upm(R) Om(R) 0
M) = ( J= U [ ]+ v (2.6)
M ) o M lon®
where H ¢, = &, ¢, and H' (p:n = £ (p:;1 2.7

and the coefficients Uy and Vy are obtained by solving the (2x2) matrix eigenvalue

problem

€m— Ef A UM UM
% = E 2.8
[ A = —Ef)J {Vm} M {VM} @8

Thisyields two eigenvalues symmetrically around E = O:

By = i\/(em—Ef)2+|A|2 2.9)

For a clean homogeneous superconductor, the eigenstates of H are plane waves that can be
labeled by the wavenumber 'k with €= h%k? /2m. We then obtain the dispersion

curves shown in Fig.2.4.
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Vacuum | V) + BdG quasi-particles = Ground
(E <0) State

A
up-spin \ / spin
—>
fill ed hole- electron hole- down
down-spin like -like like -spin

Fig.2.5. For a normal conductor the ground state can be obtained by filling
all the! negative energy states of the BdG equation (A = 0) starting from the
special vacuum |V) consisting of a full band of down-spin electrons. The
electron-like quasi-particles fill up the empty up-spin band while the hole-
like quasi-particles extending to negative infinity empty out the filled
down-spin band, giving the standard ground state with both bands filled
upto E = 0.
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Ground state ( T = 0)
We know that for normal systems the many-body ground stateis obtained by filling
up al the eigenstates of the Schrodinger equation having energies less than the Fermi
energy. In second quantized notation we can write

IG) = M ¢, [0)

where |0) is the empty vacuum and the operator c; creates an electron in the eigenstate

'm' of the Schrodinger equation. Can we construct the superconducting ground state | G)

in the same way by filling up all the eigenstates of the BAG equation having energy less
than zero ? The answer is yes provided we start from aspecial vacuum |V) consisting of a

full band of down-spin electrons. Thisis easy to see pictorialy for the special case of a
normal conductor having A= 0 (see Fig.(2.5)).

For a superconductor (A # 0), too, we can show that we indeed obtain the
standard BCS ground state if we start from the special vacuum |V) consisting of a full

band of down-spinelectrons

V)= ¢’ 10) (2.10)

and fill up the negativeenergy states:

IG)= I vylV) (2.11)
EM<O

where the operator 7“1;[ creates a particlein eigenstate 'M' of the BdG equation. Since an

eigenstate'M' of the BAG equation representsa mixtureof an up-spin electron and adown-
spin holein an eigenstate'm'’ of the norma Hamiltonian H (see Eq.(2.6)), we can write

+ _ +
= U +VMc

Y™ M1 (2.12)

m,{
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"conduction” "conduction” flipped "valence"
band

band bad
AE ‘E\f
,/ k \/.
\\\é/ GROUND
STATE
/ Excitation spectrum

"vaence' band

Fig.2.6. (a) The ground state is equivalent to the state obtained by filling
all the, negative energy states of the BdG equation. Excitations are created
by taking a particle out of these states or by inserting one in the positive
energy states. (b) The excitation spectrum is obtained by leaving the
"conduction' band intact and flipping the "valence" band about £ = O.
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Combining Egs.(2.10) - (2.12) we obtain

_ + +
1G) = ES«) (UM ¢ty Vy Cm,lj ¢t |10)

_ + 4+
- (UM et vM]|o>

whichisjust the standard BCS wavefunction obtained by pairing time-reversed eigenstates
of H' [2.5].

If the pairing potential varies spatialy, then an eigenstate of the BdG equation
cannot be expressed in terms of a single eigenstate of 'H' as we have done above. Filling
up the negative energy statesof the BAG equation then yieldsaground state tihet can have a
lower energy than the BCS state obtained by pairing time-reversedeigenstatesof 'H' [2.2].

Excitations ( T # 0)

We have seen above that the state obtained by filling al the negativeenergy states of
the BAG equation represents the ground state (see Fig.2.6). The situationis thus much like
asemiconductor with agap of 2A . The negative energy states form the "valence band"
while tine positive energy states form the "conduction band". Excitations are created by
adding a particle to the conduction band or by taking one out of the valence band. The
excitation spectrum can be obtained from the eigenstates of the BAG equation by
leaving the "conduction” band intact and flipping the valence band about E = 0 as shown in
Fig.2.6h. Due to the electron-hole symmetry (which we will discuss further shortly), the
"conduction” and "valence" bands are always precise mirror images of each other, so that
the flipped "valence" band looksidentical to the "conduction” band. Consequiently one can
simply assume a doubly degenerate "conduction band" as is commonly. done in the
literature.

The important point to note is that the BAG equation not only describes the
excitations, but also describes the ground state (that is, the "condensate"). Several authors
have noted that the negative energy solutions of the BdG equation describe the ground
state, but we are not aware of aclear demonstration that one could indeed construct the

ground state by filling up these states starting from a suitable vacuum. Indeed we are not
aware of any other work thet refersto the special vacuum | V).
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In appendix A we provide aformal justification for this viewpoint by showing that
using a mean field approximation the BCS Hamiltonian can be written in the form (‘'mf
stands for mean field, see Eq.(A.18))

H_ = H

+
mf vact % Eyv MM
Hy ac is the energy of the"vacuum" |V) consisting of a completely full band of down-spin
electrons. On top of this vacuum, the operator yl\‘; creates particles in eigenstates of the

BdG equation as we have discussed. Thus the BdG equation can be viewed as a one-
particle wave egquation whose eigenstates can be filled up systematically to describe the
superconducting state. This justifies the use of the BdG equation to construct a scattering
theory in the same way that Schrodinger equation is used for normal systems.

The excitation picture (see Fig.2.6b) on the other hand, can be justified by defining
('c and 'v' denote conduction and valence band respectively)

Yot =YMe  and Yy = Yy
and rewriting Hyr as (see Eq.(A.20))

Hur= Ho+ 3 Eum|Yi Yy Voo Yand]
>

Ep>0

Expectation values
To proceed further we need an expression for the expectation value of any quantity
of interest in terms of the occupation factors of the different eigenstates (cf. Eqgs.(1.5) and
(1.6)). Itis shown in appendix B that the expectation value of any quantity ‘A’ isgiven by

A= 3y (upg] Agp|un) + %I(l—fM)<vM|A:p|vM> (2.13)

where A, is the corresponding one-particle operator. For example, if 'A’ represents the
electron density n(r), then Agp= 8(r — R) so that from Eq.(2.13)

nr) = 3 fy [um@®|* + T A- ) | vm®)
M M
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To "understand” the meaning of the expression in Eq.(2.13), let usrewrite it in the form

A 0y
A = lan <uM VM’ O°P_A(; VZ> + §<VM|AO’;|VM> (2.14)
l | | |
fMAMM Avac

The first term is proportional to fyp and can be interpreted as the contribution due to the
filled eigenstates of the BAG equation. The second term on the other hand isindependent of
fm- It can be interpreted as the "vacuum expectation value" arising from the full band of
down-spin electrons that comprises |V) (see Eq.(2.10), Fig.2.5). To verify this we first
write the vacuum expectation value as

Avyac = ) (‘Pml Aop |(Pm>= > <(P*m|A:p q):n>
m m

where ¢_ represents any complete set of basis functions spanning the one-particle, one-

spin Hilbert space. We could rewrite thisin theform

0O O
AVAC = Tr A *

0 op

noting that the Hilbert space of the BdG Harniltonian is spanned by the basiskets |@,, 0)
and | 0 cpfn> We could just as well evaluate the trace using the eigenkets of the BdG

Hamiltonian to write

u *
M> = X (VM|A0p|VM>
M

0 0
Avac = %(uM M| vy

*
0 Ay

thus proving that we are indeed justified in identifying the second term in Eq.(2.14) as the
vacuum.expectation value.
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Electron-hole symmetry
The eigenstates of the BAG equation occur in pairs, one of which has an energy
greater than zero while the other has an energy less than zero. To every state in the
"conduction” band thereis a counterpart in the "valence" band whose wavefunctionsand
energies arerelated asfollows:

*
Em,v = - Em,c Um,v = - Vm,c Vm,v = llm,c>i< (2.15a)
fm,v =1- fm,c (2.15b)

Due to this symmetry, the "conduction" and "valence" bands are always precise mirror
images of each other [2.6]. Eq.(2.15b) relating the occupation factorsfor the "conduction”
and "valence" band states is obviously true at equilibrium, since Ey, v = - Epy . But the
point to noteisthat it is true even away from equilibrium.

We can make use of this symmetry to write the expectation value from Eq.(2.13)
solely in termsof the "conduction” band states:

A=2| 3 fy(om|Agplum)+ T (A-f) (vml Agplvm)|  (2160)
Epm>0 Em>0

Thisis the approach commonly used in the literature. Indeed most authors work with the
excitation spectrum (see Fig.2.5b) and do not even mention the "valence" band explicitly.
Alternatively, we could retain the summation over both bands and use the electron-hole
symmetry to get rid of the second term:

A= 23 fiy(um|Agplum) (2.16b)
M

This is the approach used in Ref.[3.1]. Either Eq.(2.16a) or (2.16b) may be more
convenient depending on the problem in hand.
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Electrochemical potential

Once we have obtained the scattering states |M) from the BdG equation, we can
use Eq.(2.13) (or Eq.(2.16)) to evaluate any quantity of interest if we know the occupation
factors fy for the different states. At equilibriumthe factor fy isequal to fy(Epy), where fy
is the Fermi function defined in Eq.(1.4). Under non-equilibrium conditions, each
scattering state is associated with a Fermi factor fyy determined by its reservoir of origin.
Thisraises afew questionswhich we will now discuss.

An incident wave from reservoir 'i' having an electrochemical potential 1; can be
written in theform

- TN
M) = i (Byg—pt, ) U (217
Vum € 1

Note that the electron component and the hole component have different energies (that is,
time variations) and they are coupled together by the time-varying pair potential
Ae_lzu i t/h. What Fermi factor fyy should we associate with such a state ? Theanswer is
obtained by noting that this state can be locally gauge transformed into theform

e—iEM t/h

Upm

—iE,\ t/h
M
VM €

which should clearly have a Fermi factor of fo(Em) (fo isdefined in Eq.((1.4)). Hence we
can write

£ — fO(EM) (2.18a)
= fO(EM,e_ui) = f()(EM,h+ I,Li) (2.18b)

where Ep ¢ IS the energy associated with the electron component of the incident wave,
Em n is the energy associated with the hole component of theincident wave and Ey isthe
averageof the two energies.

Eq.(2.18a) for the Fermi factor fm suggests that we should always use an
electrochemical potential of zero (that is, equal to the referenceenergy Er) for al scattering
states emerging from any reservoir. However, we have to remember that the energy Em of
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Fig.2.7. Examples of two mesoscopic structures where the BdG equation
becomes time-independent and its solutions consist of a single-energy
component. (a) A structure with only one superconducting contact. (b) A
structure with two superconducting contacts having the same
electrochemical potential (I < critical current, I,).
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a scattering state is the average of the energies associated with the electron and hole
components of theincident wave. While thisis a reasonable way to do the book-keeping
for scattering states emerging from a superconducting terminal, it seems somewhat silly for
scattering states emerging from a normal terminal. The reason isthat at a normal terminal
the electron and hole components are decoupled - either uy or vy in Eq.(2.17) isequal to
zero. Thus we have two types of scattering states, one for which the incident wave is
purely electron-like (labeled '€') and another for whichit is purely hole-like (labeled 'h’):

By, t/h 0
u,, € ©
|M,e) = [M ] and |M,h)= [ —iEMht/h] (2.19)

0 Vap © ’

It seems more natural to view Epm ¢ and Epm p as the energies of these states. Eq.(2.18b)
then tells us that the corresponding electrochemical potentials are +u; and -pi; respectively
and not zero.

Even at a superconducting terminal we can distiguish between an electron-like state
and a hole-like state and label their energies in terms of Em e and Em h respectively, instead
of Enp. The corresponding electrochemical potentials are then given by +p; and -u;, just
like the normal terminals. On the other hand, if we were to treat (Epm e+ Emp ) / 2 asthe
energy, the electrochemical potential is zero. We could follow either scheme in doing our
energy book-keeping. However, we need to deal with superconducting contacts with non-
zero electrochemical potentials only if a structure has multiple superconducting contacts
with different electrochemical potentials. In thiscase, we can choose the reference energy
Eg so that the pairing potential istime-independent in one of the superconducting contacts,
but not in the others. Consequently the solutions to the BdG equation contain multiple
energy components, similar to normal conductorswith an applied ac potential [2.7].

If a structure has only one superconducting contact (Fig.2.7a), then we can choose
the reference energy Eg so that the pairing potential (see Eq.(2.5)) istime-independent in the
superconducting contact (at the normal terminalsit is zero anyway). The BdG equation then
becomes time-independent and its solutions consist of a single-energy component just like
normal conductors. The same is true of structures like the one shown in Fig.2.7b having
multiple superconducting contacts but with the same electrochemical potential. Itisfairly
straightforward to extend the standard results of normal mesoscopic physics to such
structures. We just have to replace each physical lead 'i' with two leads - an
electron lead 'ie' and a hole lead 'ih'.
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Self-consistency of the pairing potential

An important point to note is that the pairing potential can be written as
A e7124MYR oy inside a large superconducting contact that can be assumed to remain
close to loca equilibrium with a well-defined electrochemical potential. But thisis not
correct near any interface in a region with dimensionsof the order of a coherence length.
The correct pairing potential hasto be cal culated self-consistently just as we calcul ate the
Hartree potential self-consistently in normal conductors. The self-consistency relation (g :
el ectron-phonon coupling constant)

A, t) =—g(r) T, up(5, ) vy (6,0) Ty (2.20)
M

can be obtained from Eq.(2.14) if we associate the foll owing one-particle operator

. 0 0
ool 2 sR-1) 0

with the pairing potential and note that the vacuum contributionis zero. A derivation of
Eq.(2.20) using the second quantized formalismis provided in appendix B.

Eq.(2.20) isactually not quiteright. It assumesthat the electron-electronattraction
Is instantaneous in space and time having a strength characterized by 'g' that can vary
slowly from one point to another. More accurate expressions can be derived using the
Eliashberg - Migdal theory [2.8] that take into account the temporal and spatial non-locality
of the electron-phonon interaction. We will not discuss these refinements further in this
article. However, even in a zero-order theory it is necessary to modify Eq.(2.20) in order
to obtain sensible results, since the summation over 'M' diverges. The simplest way to get
around thisdifficulty is to cut off the summationin Eq.(2.20) for energies exceeding Aop,
p being the highest phonon frequency in the material :

Aty =—g@r) X up (6,0 vy (60 f (2.21a)
[Em| < hop
=g(r) Y um(nvynt)[1-2fy] (2.21b)

0<EMm <hop

——
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Thisis justified by noting that a detailed theory of the electron-phononinteraction shows
that the effective interaction between two electronsis attractive only if their energieslie
approximately within z@p of the Fermi energy.

Note that the self-consistency relation (Eq.(2.21)) contains all the microscopic
physics producing superconductivity. Eq.(2.21) would be different if we were to consider
a different pairing mechanism, or work out a more accurate theory for the same
mechanism. By contrast the BdG equation should remain unchanged as long as we are
describing a microscopic state consisting of singlet Cooper pairs, regardlessof how they
areforrned.

In much of the work on mesoscopic superconductivity afixed pairing potential is
assumed, that changes abruptly from zero inside the normal material to the appropriate bulk
value inside a superconductor. The self-consistency equation isignored, just as the Poisson
equationisignored in most of the work on normal mesoscopic systems. The general belief
is that the results should be qualitatively correct, though the quantitative details may
change. However, afew caveatsarein order.

Firstly, during an Andreev reflection process, an incident electron drags another
electron along with it into the superconductor, leaving behind the reflected hole (see
Fig.2.1). This causes the pairing potential to deform and acquire a phase gradient of the
form Aei29x, It can be shown that in the presence of such a pairing potential a non-zero
current is carried by afilled 'valence' band (see Fig.2.6)! The resulting current is often
called a "supercurrent” to distinguishit from the "quasi-particle" current carried by filled
states in the 'conduction’ band or empty states in the ‘'valence' band. The point to noteis
that any theory which neglects the deformation of the pairing potential will not predict the
current in the superconducting regionscorrectly. Indeed, starting from the BdG equation
(seeEq.(2.4)), it can be shown that the continuity equation for the electrical charge has a
source term

ap

®,vi= 2y Im[A(r) upg (1) v (1) fM] (2.22)
t M

indicating that the electrical current is conserved only if the quantity on theright is zero. It
iseasy to seethat thisquantity iszeroif we use Eq.(2.20) for the pairing potential, proving
that the conservation of electrical current can be ensured only if A is determined self-
consistently [3.1, 2.10-2.12]. For thisreason, in non self-consistent theoriesthe current is
evaluated only in the normal regions (where current is conserved since A = 0) and the
current in the superconducting regionsisinferred indirectly (seeFig.4.4).
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Fig.2.9. A superconductor with a constriction. In (a) the constriction is
much shorter than the coherence length and has essentially the same pairing
potential Apuik as the bulk material. The critical current has then been
shown to increase in steps as the number of modes in the narrow region is
increased. But in (b) the constriction is much longer than the coherence
length and has a different pairing potential Awire that follows the density of
states in the superconducting "wire". The critical current should also
follow the density of states instead of increasing in steps. Adapted from
Chang, Chaudhuri and Bagwell [2.13].
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Secondly, if the superconductorforms part of the mesoscopicregion then it may be
driven away from local equilibrium by relatively small values of current. Even at
equilibrium, asmall superconducting region may have a pairing potential that is different
from the bulk value. Consider for example a superconductor with a constriction. If the
constriction is much shorter than the coherence length (Fig.2.8a) then it should have
essentially the same pairing potential A pyik as the bulk material. The critical current has
then been shown to increase in steps as the number of modes in the narrow region is
increased [2.9]. But if the constrictionis much longer than the coherence length (Fig.2.8b)
then it will have adifferent pairing potentia A wire that follows the density of states of the
superconducting "wire" rather than that of the bulk superconductor. The critical current in
this case should aso follow the density of states of the wire instead of increasing in steps
asshown in thefigure.

Now that we havelaid out the basic principles underlying the scattering theory for
mesoscopic superconductivity, let uslook at afew examplesof how it is applied. We will
not go into the details of how the scattering parameters can be calculated from the BdG
equation since thisis very similar to the standard procedures used in normal mesoscopic
physics (see for example, chapter 3 of Ref.[1.2]).
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3. Nermal (N) - superconductor (S) junctions

In any mesoscopic structure, if the superconducting contacts are all at the same
potential then the scattering states constructed from Eq.(2.5) consist of a single energy
component as in normal conductors. We can then proceed as we do in normal conductors
to derive expressions for the terminal current. Since such expressions have already been
derived in the literature [3.1 - 3.3] we will not repeat it here. Instead we will show how
these results can be obtained from the standard results of normal mesoscopic theory smply
by using the following prescription:

e Evey physical lead 'i' splits into an electron-like lead ‘ie' and a hole-
like lead 'ih', whose potentials are related to the potential p; at contact

I by the relation

Hie = + and Kih = - (3.1)

This prescription is motivated by Eq.(2.18b) which states that the correct Fermi factor to
associate with a state emerging from reservoir 'i* is given by

fm = foBae ~ M) = ToEpp+ By
where By ¢ iS the energy associated with the electron component of the incident wave,
Ewm.h isthe energy associated with the hole component of the incident wave. In this section
we will apply this principleto N-S junctions. In section 5 we will gpply it to multiterminal

structures and in section 6 we will use it to obtain an expression for the current
fluctuations.

Linear response
(Considera normal( N - superconductor (S) junction (Fig.3.1a). According to the
prescription in Eq.(3.1), the N and the S terminal each splitsinto an electron-like and a
hole-liketerminal as shown in Fig.3.1. It is well-known that the linear responsecurrent in
amultiterminal norma mesoscopicsystemsis given by [1.8]

1

€
L = H}jj[MiSij—Tij]uj (3.2)
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Fig.3.1. (a) A mesoscopic structure with a normal lead (N) and a
superconducting lead (S). Each physical lead conceptually splits into an up-
spin electron lead (e) and a down-spin hole lead (h). (b) Dispersion
relations and electrochemical potentials in the leads. (c) A plausible but
WRONG alternative to (b).



31

where M; is the number of modesin lead ‘i and Tj; isthe total transmission from lead 'j' to
lead 'i' summed over all modes [1.1, 1.21. Applying Eq.(3.2) to the structure in Fig.3.1
we obtain

€
e = 4 [(M ~Tre,ne) P+ e nn) “’N)]

FM=Ty ) (i)

— €
I = o [(_TNh,Ne) HN
It can be shown that due to electron-hole symmetry, the current at the electron lead is
exactly equal to the current at the hole lead (we will discuss thisin more detail shortly). So
we can obtain thetotal current simply by multiplyingeither component by 2 :

Iy= 20 = 2l

2e
= TM[(l—R+Ra) ] (3.3)
where R isthe normal reflection coefficient (MR = Tne Ne = Tnh,Nn) @nd R, is the Andreev
reflection coefficient (MRa = TNe Nh = TNh,Ne). Hence the conductance is given by
I 2

G= _ 2% M[l—R+R] (3.4)
By /e h a

The conductance is enhanced by the Andreev reflection R,, leading to the well-known
"excess conductance" at low bias discussed in Ref.3.1.

Current at the superconducting leads
‘Note that this approach can only be used to calculate the current at the normal
terminals. It cannot be used to cal culate the current at the superconducting terminals. |ndeed
if weuseEq.(3.2) to calculate the current at the superconducting terminal 'Se', we obtain

2e
ISe = —h— [_TSe;Ne(E) Hn TSe;Nh(E) (= I’I'N)] = 0 Hl

since no particles are transmitted into the superconductor, as long as the bias and
temperature are much less than the superconducting energy gap. But this cannot be right.
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Since we have only two leads, the current in the superconductor must be equal to that in the
normal lead, which we have seen is non-zero (see Eq.(3.3)). Why is Eq.(3.2) not applicable
to superconducting leads ? As we discussed in the last section, the "supercurrent” is not
described by the simple version of the scattering theory which assumes afixed pairing
potential A ; onehasto takethe deformation of the pairing potential into account.

Beyond linear response
To understand the nature of the current flow at an N-Sjunction it is useful to go
beyond the linear responseformulaand look at the full energy spectrum of the current. For
normal mesoscopicsystemsthe general current-voltagerelationis given by

1

I = %jdE%[MiSij—Tij]fO(E—uj) (3.5)

Applying this relation to the "four-terminal " structurein Fig.3.1a, we obtain

' [MNe_TNe,Ne]fo(E‘“N) + [_TNe,Nh]fO(EﬂJ‘N)
+ ["TNe,Se]fo(E) + [_TNe,sn]fo(E)

(&
Ne = H JdE

Making use of the "sum rule" (see appendix C)

M T T Trese T TNe.sh

Ne Ne,Ne + Ne,Nh +

we rewritethisin theform

[MNe - TNe,Ne] [fo(E —HN) - fo(E)]

<
e = HjdE (3.6a)
+ [—TNe,Nh] [£oE+uy) =, (B)]
Similarly the current a the 'Nh' termind is given by
- —Txh,Ne [ 1fo(E —un) — fo(E)
Iy = Tej'dE [ ]l ] (3.6b)

+ [MNh - TNh,Nh] [fo(E+pN)—fo(B)]
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The two terms in Eq.(3.6a) represent the currents at 'Ne' due to injection from 'Ne' and
‘Nh' respectively. Similarly the two termsin Eq.(3.6b) represent the currents at 'Nh' due
to injection from 'Ne' and 'Nh' respectively :

I I I

Ne = INecNe VINeeNh and I NheNe ¥ 'NheNh (3.7

Nh ~
The syrmetry propertiesof the transmission functions(see appendix C) ensure that

and I

INeeNe(+E) = Iy, iy ) Nee-Nh(+E) = Iy, . o (<E)

This relation together with the property that fo(+E) = 1-fy(-E) allows us to rewrite
Eq.(3.6a,b) as

I, = 2h_e [dE [1 ~Tene + TNh,Ne] [£0E 1)~ £, (B)] (3.8)

Thisisthe well-known Blonder-Tinkham-Klapwijk (BTK) formula[3.1].
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4. Contact resistance

As we mentioned in the introduction, a very important |esson in mesoscopic physics
is the realization that a ballistic conductor connected between two large contacts exhibits a
non-zero resistance arising from the interface resistance between the conductor and the
contacts. How is thisinterface resistance modified for a superconductingcontact ?

N-N-N structure

Consider a perfect ballistic conductor with M modes connected between two normal
contacts (Fig.4.1a). Let us assume that thereis no normal or Andreev reflection at either
contact asin normal mesoscopic point contacts. We can calculate the current in this structure
by noting that in aballistic conductor, the +k states are populated solely by electrons coming
out of the left contact, while the -k states are populated solely by electronsfrom the right
contact..Consequently, inside the conductor, the electrochemical potential fo the +k statesis
equal to i, while that for the -k statesis equal to 0 (Fig.4.2b). This means that at zero
temperature the current isentirely due to the occupied +k statesbetween 11 and 0. Since the
current carried per unit energy per modeis (2e/h), we can write

2eM WMo h

I= e d R = =
n M C™ el 2¢2Mm

4.1)

This is exactly what we get from Eq.(3.4) if we set both R and R, equal to zero
corresponding to perfect transmission.

Where does this resistance R¢ (which was experimentally observed in 1988 [1.7])
comefrom ? After al, aballistic conductor should not have any resistance. This question led
to much argument and controversy in the early 1980's. But it is now understood that thisis
basically acontact resistance arising at the two interfaces between the conductor and the
contacts, as pointed out by Imry. This interpretation can be justified by noting that the
averagee ectrochemical potential inside the conductor is given by

REHK) + RK)
2 2
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Fig.4.1. (a) A normal ballistic conductor connected to two wide contacts
such tlhat there is no normal or Andreev reflection. (b) The electrochemical
potential of +k states in the conductor follows the left contact, while that of
-k states follows the right contact. (c) Average electrochemical potential
profile across the structure.
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Fig4.2. (a) A norma ballistic conductor connected between two contacts
such that there is complete Andreev reflection at the right contact. (b) The
electrochemical potential o +k states in the conductor follows that of
electrons in the left contact, while that of -k states follows that of holes in
the left contact. (¢) Electrochemical potential profile across the structure.
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leading to a potential profile across the structure as shown in Fig.4.1c. There are step
changes in the potential at the two interfaces, thus justifying the interpretation of R asa
contact or interface resistance.

N-N-S structure
Consider now what happens if there is complete Andreev reflection at the right
contact as we would expect if it were superconducting (Fig.4.2a). We now expect the
potential for +k statesto be |1 as before since these are populated by electronsfrom the left
contact. But the -k statesin the conductor are now populated by electronsthat arise from the
Andreev reflection of holesincident from the left contact. Consequently the el ectrochemical
potential for these statesequal s that of holesin the left contact :

u(+k) = and Lk =

The current is now twice the previous case since it is carried by all the electrons with
energies in therange- 1y tot+  (instead of 0 tot+ ) :
4eM yy_ _h

- Re = —_—
h 28] C el 462M

I= 4.2)

Thisis exactly what we get from Eq.(3.4) if we set R equal to zero and R; equal to one.
Thus the contact resistance should be

h/4e*M instead of h/2eM

if we make one contact superconducting.This isexactly what we get from Eq.(3.4) if we set
R equal to zero and R, equal to one correspondingto complete Andreev reflection.
The average el ectrochemical potential inside the conductor is given by

p(Hk) + p=k) _
2

0

leading to a potential profile across the structure as shown in Fig.4.2c. There is a step
change in the potential at the left interface as before, but there is no drop at the right
interface. One could say that the contact resistanceis only hdf the previouscase because the
superconducting contact has no contact resi stance.
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N-I-N-S structure
For normal contacts, if the conductor is not ballistic, the overal resistanceR can be

written as

h h h 1-T
R= ——= ——+ —
2e“MT 2e“M 2eM\ T

and interpreted as the contact resistance (R¢ = h/2e2M) in series with the actual resistance of
the conductor. With a superconductingcontact we might naively write down the resistance
as

h h (1-T h (2-T
R= ——+ — ( ]: > [ j (4.3)
4e*M  2e*M\ T 4e2M\ T

assuming that the contact resistance has been halved while the conductor resistance remains
the same. But with a superconducting contact we cannot simply treat the resistances as
additive since the Andreev reflection gives rise to multiple reflection paths that interfere
(Fig.4.3). We would obtain the result in Eq.(4.3) if we were to calculate the total Andreev
reflection probability by summing the probabilitiesfor all the multiple paths. But thisis not
appropriate unless there are strong phase-breaking processes inside the conductor. For a
phase-coherent conductor, we should sum the probability amplitudes and not the
probabilities. We then have interference among the multiple paths and the differential
resistance shows oscillatory behavior, known as the McMillan-Rowell oscillations [4.1].
The zero-biasresistance has been shown to be [4.2]

2
R= 2 (2—1) (4.4)
4eM\ T

which can be much larger than the phase-incoherent result (Eq.(4.3)) if T << 1.
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Norma conductor

up-spin
electrons

O down-spin
holes

Scatterer, T

Fig4.3. A normal conductor containing a scatterer is connected between
two contacts such that there is complete Andreev reflection at the right
contact. There is interference between the multiple reflection paths between
the superconductor and the scatterer.

P

.
X

Fig4.4. To calculate the current in an SI-N-S2 structure, we evaluate it at
a plane 'P inside the normal region.
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S-N-S structures

What would happen if both contacts were superconducting (Fig.4.4)? Naively one
might expect that the contact resistance should disappear entirely and the resistance should
simply be proportional to (1-T)/ T. With aballistic normal region (T = 1), this means that
thelow bias conductanceshould approach infinity. The actual picture is more complicated
due to the multiple pathsinvolving Andreev reflectionsat the two interfaces[4.3].

In applying scattering theory to this problem, we run into acomplication. Since the
leads are al superconducting, where do we eva uate the current ? As we discussed in section
2, the current in the superconducting regions cannot be evaluated correctly without taking
the deformation of the pairing potential self-consistently into account. We can get around
this problem by evaluating the current inside the normal material at a plane 'P' (Fig.4.4).
Note that although we usually calculate the terminal currents, we could in principle use
scattering theory to evaluate any quantity like the charge density or the current density & an
interior point. From Eq.(2.16b) we could write

I= Y Iy fm 4.5)
M

where [y is the current carried by eigenstate™' at the plane P!

ieh * 0u au*
Iy = 2<UM|Iop|UM> = - =c [UM a;V[—uM 824] (4.6)

m

and fy; isthe occupation factor for that state. Unlike the previous structures, the scattering
states :now involve multiple energy components, since the two superconductors are at
different potentials. But we can still assign aFermi factor fy as we discussed earlier (see
Eq.(2.18)).

Numerical calculations based on this approach [4.4] on an SI-N-S2 structure do
show a significant increase in the low bias conductance (see Fig.4.5) as the pairing
potentid A, in Sl isincreased systematically from zero to A» (the pairing potential in S2
isfixed a Aj). With A; =0, we have an N-N-S structure with alow bias conductance
equal to 4e2/h as we have discussed. But with A} = A2, we have an SNS structure, and
the low bias conductance appears to increase indefinitely due to multiple Andreev
reflections.
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{
Fig.4.5. Differential conductance dI/dV calculated for an S1-N-S2 structure

as the pairing potential Ay in S1 is increased systematically from zero to
A, (the pairing potential in S2 is fixed at A;). Reproduced from Hurd,
Datta and Bagwell [4.4].
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.........

Fig.4.6. At zero-bias, multiple Andreev reflections lead to the formation of
bound states in the normal regions.

Weakly coupled
conceptual probe

Fig.4.7. One or more conceptual probes can be weakly coupled to the
normal regions to convert the bound states into scattering states [4.7].
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Zero-bias current in S-N-S structures

At zero-bias the multiple Andreev reflectionslead to the formation of bound states
(see Fig.4.6) that can carry a net Josephson current, Iy. No voltage develops between S
and S2, aslong asthe current islessthan thecritical current I.. The magnitude of the current
is related to the phase difference 8 = 0;-6, between the pairing potentials at the two
interfaces (we are assuming their magnitudesto beidentical).

Calculating this Josephson current, is basically an equilibrium problem with all
eigenstates occupied according to the equilibrium Fermi factor. We could modify Eq.(4.5)
to write

I;(®) = Y Ipm0) fo(Epm) 4.7
M

In applying Eq.(4.7), it isimportant to note that in an S-N-S structure, in addition to the
scattering eigenstates, we also have bound states with discrete energies lying inside the
superconductinggap (- A< E < +A) asshown in Fig.4.6. We should include these discrete
states in the summation in Eq.(4.7) [4.5, 4.61. Alternatively, following Ref.[4.7], we
could conceptually attach one or more weakly coupled probes to the structure that convert
the bound levels into scattering states (see Fig.4.7). This eliminates the need to worry
about bound states and their proper normalization.

It may be possible to use conceptual probes of the type shown in Fig.4.7 to
introduce the effect of phase-breakingprocesses, following the work of Buttiker on normal
systems [4.8]. Interestingly alot of recent experimental work involves structures like that
shown in Fig.4.7, with real probes (rather than conceptua ones) used to measure the
resistance in the normal region [5.1, 5.21. We will discuss such measurements in the next
section.
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5. Reciprocity

Suppose we perform afour-terminal resistance measurement as shown in Fig.5.1,
using a pair of terminals’i' and 'j' to drive the current and a pair 'k’ and 'I' to measure the
voltage. How do we calcul atethe resistance ? For smplicity we will just consider the linear
response regime. We know that the linear response current in multitermina normal
Mesoscopic systemsis given by

€
L = E% [Mi Sij —Tij] B, (sameas(3.2))
In the presence of the superconductor, we simply split each physical lead 'i' into an

electron lead with potential +L.; and a holelead with potential -p;, to obtain

Iie

Z [Misij - Tie,je] Bj +[_Tie,jh] (_uj)
J

L
h
We could writedown Ij as well, but it isequal to I;e due to el ectron-holesymmetry as we
discussed in section 3. Thetotal current Ijissimply equal to two timesT;e :

2e
I, = sz giji;  where g = M8 - Tiesje T Tiesjhn 5.1

This relation was derived independently by Lambert [3.2] and by Takane and Ebisawa
[3.3] and has since been applied to many different structures[5.1]. Aswe have discussed
before, the current in the superconductingleads cannot be cal culated by this approach. One
way to calculate the current in the superconductor is to evaluate the current inside the
normal materia right at theinterface with each of the superconductingleads and equateit to
the current at the corresponding superconducting terminal (seeFig.4.4).

To calculate the four-terminal resistancefrom Eq.(5.1), weinvert it to write (eV =

Y
h
hal

V; =
2e

> i I where [r]=[g]™ (5.2)
i
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as)

IO<I c
Fg511 Andreev interferometer : The four-terminal resistance measured at
the normal terminals 1-4 oscillates as the phase difference 6 (=6;-6,)
between the pairing potentials in S1 and S2 is changed by changing the
current Iy. In practice, a series of Josephson junctions is used to get a large
change in the phase with a smaller current [S.2 - 541
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If we connect a source directly acrossleads'i' and 'j' then I; must equal - 1j. .Assuming that
all other leads are | eft floating we can write the resistance obtained by measuring the voltage
drop across leads 'k’ and 'l' as

Vk - V1 _ h
Rijik.1 =[ L. ]Ii=—1j - F[rki — Ik~ T +r1j] (5.3)
! all otherT's=0
Reciprocity

Buttiker showed that for normal systems the four-terminal resistance obeys the
reciprocity relation [1.81,

Rijk1 (+B) = Ry (-B) (5.42)

Here R j:,1 is the resistance measured using i,j as the current terminals and k.1 as the
voltage: terminals. Does this result hold in the presence of the superconductor ? Making use
of the symmetry properties of the conductance matrix gj; (see appendix C).,we can show
that

Rijk1 (+B,A) = Ryy,j(-B,A) (5.4b)

In norral systemsthe effect of reversing the magneticfield isto transform H into H* in the
Schrodinger equation H¥Y = EY . Reversing the magnetic field and complex conjugating
the pair potential has a similar effect on the BdG equation. From this point of view
Eq.(5.4b) seems like a reasonablegeneralization of Eq.(5.4a) to includetheeffect of A for
mesoscopic circuits containing superconducting elements. However, this has not been
discussed theoretically or demonstrated experimentally to our knowledge.

If a structure has a single superconducting boundary with a constant pairing
potential, then the measured resistance is insensitive to the phase of A. We would then
expect the four-terminal resistanceto obey Eq.(5.4a) (as well as Eq.(5.4b)). But anew class
of waveinterference effects have recently been observedthat are sensitiveto the variation of
the phase of A along the boundaries, which can be tuned by changing the magnetic field or
by changing the current through a series of Josephson junctions [5.2 - 5.71. These
structures are suitable for checking the validity of Eq.(5.4b). Consider for example, the
Andreev interferometer shown in Fig.5.1. Periodic oscillationsof the measured conductance
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Fig.5.2. Plot of conductance as a function of 0(=96,-0,) for a ballistic
sample of the type shown in Fg51 having 10 transverse modes. (a) 1,4
used as current as wdl as voltage terminals, (b) 2,3 used as current as well
as voltage terminals, (c) 1,4 used as current terminals and 2,3 used as
voltage terminals and vice versa. Note that Gi,j;k,1 = (1/ Ri,j;k,D

normalized to (2€2 / h).
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have been reported as a function of (6; —6;), where 6; and 8, are the phases of the
pairing potentialsat the two superconductingboundaries.

Fig.5.2 shows the predicted modulation in the conductance for different
combinations of current and voltage terminals. The two-terminal conductances (that is, the
conductances measured using the same terminals to drive the current and to measure the
voltage) are symmetric with respect to the phase difference 6 (see Figs.5.2a,b). The four-
termina conductance (Fig.5.2¢) isnot symmetric but it obeys the reciprocity relation stated
in Eq.(5.4b). Note that while the two-terminal conductance modulation is approximately =
e2/h, the four-terminal conductancecan be much larger.

The conductance modulation shown in Fig.5.2 is much larger than that reported in
[5.2] but comparable to that reported in [5.3]. However, it should be noted that the
calculations shown in Fig.5.2 do not include scattering (coherent or incoherent), which is
expected to be significant in the experimental structures investigated so far. The actual
number of modesis also much larger than the number used in the calculations. As such the
calculations correspond more closely to balistic interferometers that could be fabricated
using semiconductor samples with long mean free pathsof the order of microns[5.8].
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Fig.5.3. An Andreev interferometer constructed with a superconductor that
breaks timereversal symmetry. There is a phase difference between the two
normal-superconductor interfaces | and II, even without any external
current.
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Exotic superconductors
It isinteresting to note that the reciprocity relation could be used to test if the pairing
potential breaks time-reversal symmetry. This effect could not be used to distinguish
between s-wave and d-wave superconductors, neither of which break time-reversal
symmetry. But it could be used to check for (s+id)-type symmetry [5.9]. Consider for
example, the structure shown in Fig.5.3. The pairing potential in an (s+id) superconductor
can be written as [5.10]

A(E) = Ag { e+i(l-¢) [cos(kxa) - cos(kya)] }

where E isa constant less than one. Since the two interfaces| and II correspond to ky = 0
and ky = 0 respectively we can write

Ar= Aple-i1(1-9)] and A= Agle+i(l-g)]

Hence there is a phase difference between the two interfaces given by
0= Ztan '[1-g)lE]. .

Note that this phase difference exists automatically without any external current
and cannot be easily reversed. A four-terminal measurement of the type shown in Fig.5.3
without a magnetic field should thus yield non-reciprocal results for (s+id)-wave
superconductors. But the results should be reciprocal for swave (A;= Ay) or d-wave (A
= - Ay superconductors since in either case A* = A. Thus we can expect that at zero
magnetic field

Rijiki # Riij Rijk1 = R
(s+id-wave) (s or d-wave)
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6. Noise

The scattering theory has also been applied to calculate the current fluctuations in
normal mesoscopic systems [6.1, 1.91. The central result is summarized by the following
expression for the correlation between the current fluctuationsat terminal 'i' and terminal 'j'
(B: measurement bandwidth) :

(51i51j> = 2B(e?/h) [dE kzl{ £ (1— ) L (k, DI;(Lk) }E 6.1)

where Ti(k,1) = 858 — s si (6.2)

Here [9] representsthe scattering matrix, each lead being assumed to be single-moded. For a
detailed derivation of Eq.(6.1), we refer the reader to the origina literature. Here we will
simply outline the derivation in order to make the result plausible. In second quantized
notation, we could write the operator for the current a terminal 'i' as

| = %Zli(k,l)aial where Lik,D) = (k| T; p|1) (6.3)
T

Here k.1 are the scattering eigenstates, Ii(k,1) represents the matrix elements of the one-
particle current operator and a+, a are the creation and annihilation operators. Since the
scattering states are linear combinationsof plane wavesrunning in both directions, the off-
diagonal matrix elements with k=1 are in general non-zero. However, if we calculate the
expectation value of the current, only the diagonal elements contribute because the density
matrix isdiagonal. Specificaly,

<1i> = % L(kk) £, (6.4)

since <a+al> = f &

N K (6.5)

kl

Eq.(6.4) iseasly understood physically. A state 'k, if occupied, contributes acurrent equal
to Iik,k) and fi is the probability that the state is occupied. We really do not need second
quantized operators to derive this. But it is difficult to discuss quantities like current
fluctuationsin purely physical terms because they depend on the off-diagonal elementseven
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when the density matrix is diagonal. For example, the noise arising from the correlations
between the currents at terminals'i' and 'j' is defined as

(eron)= (1) - (1){1) (6.6)
From 13gs.(6.3) and (6.6)

(81,81;) - 22 LI LKDLE D a aafa) - (ara)(afa,)]

= T3 LkD (e, 1) (ag ay ){a 2y

1

= % 21: I.(k,1) Ij(l’k) fk[l—fl]

making use of Eq.(6.6). Thisis basically the result we stated earlier (Eq.(6.1)) apart from
the multiplicative constants. The point to note is that the off-diagonal elements of the current
operators appear in this result and it is difficult to rationalize it from purely physical
reasoning (see, however, Ref.6.1).

Superconductive Structures
It is shown in Ref.[6.2] that the correct expression for the current fluctuations in the
presence of Andreev scattering can be obtained from Eq.(6.1) simply by replacing each
terminal 'j' with 'j, 2" wheretheindex a takes on one of two values'e or 'h':

(31,81;)= B(c*/h)[dE 3 3 sgn() sgn(B)
k1 op

{ £y (1= £15) Tig kB8 T(185Ky) |
v,0

(6.7)

where IiB(ky;IS)E [Siksﬁysilsﬁs— SiB;kySiB;IS} (6.8)
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The'sgn' function is defined as +1 for 'e' terminals and as -1 for 'h' terminals. It accounts
for the fact that the electrical charge associated with the electron and hole terminalsis +e
and -e respectively.

Fluctuations in the pairing potential
It should be noted that in deriving Eq. (6.7) we aretreating the pairing potential asa
rigid unchanging quantity. It is relatively difficult to account for the fluctuations in the
pairing potential. Indeed even for norma conductors, it is not yet clear how one can handle
the analogous probleminvolvingthe effect of fluctuationsin the Hartree-Fock potential on
the noise. Ref.[6.2] describes an approximate approach that could be used to account for
the fluctuationsin the pairing potential. However, in thisarticle we will neglect such effects
and only discuss some physical consequencesbased on Eq.(6.7).

Equilibrium Current Fluctuations
It isagenera principleof statistical mechanics[6.3] that the equilibrium current
fluctuations should be related to the linear response conductance by the Johnson-Nyquist
relation :

<81i81j>eq = 2kgT B (gjj+8g;) (6.10)

where gj; are the elements of the conductance matrix [1.9] appearing in Eq.(5.1). We can
show tinat thisrelation isindeed satisfied, starting from our generd expressionfor noise (see
Eq.(6.7)) and noting that at equilibrium the occupation factorsfor al statesareidentical.

Sign of Current Correlations
Ref.[1.9] showed that the low frequency correlation between the current at two
different leads of apurely normd deviceis aways negative. An interesting differencein the
presence of Andreev scattering is that the current correlation between two different leads
can be positive. To see this we write the total current as the sum of the electron and hole
components, | =Tj ¢ t 1; , so that, from Eq. (6.6),
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(3L,81)= (e +Lip) Tie+Tp) = (Ge+Tim){Tje +1;m)
= (81,0 81;¢ )+ (3181 ) + (8T 8T, ) + (81 81, ) (6.11)

In norrnal systems, the last two terms do not contribute to the current fluctuations because
the electron and hole channels are independent. However, in the presence of Andreev
scattering, the up-spinelectron and down-spin hole channels mix, so that the last two terms
of Eq. (6.7) aso contribute to the current correlation. Interestingly, they aways contribute
with a-positivesign while the first two terms contribute with a negative sign (the difference
is because of the factor sgn(at) sgn(B) in Eq.(6.7)). If the mixing of electron and hole
channels is strong enough, the last two terms could dominate, thereby changing the net
sign of the correlation, which should be experimentally observable.

At equilibrium, it is quite easy to see the conditions under which the correlation
becomes positive. The equilibrium correlation obeys the Johnson-Nyquist relation (see
Eq.(6.10)) and will be positiveif gj; is positive. From Eq.(5.1) it is evident that this will
happen (note that i # j) if Tie;jh > Tie;je, that is if the Andreev transmission exceeds the
normal transmission between the two leads.

Shot noise at zero temperature
Consider for simplicity a single-moded two-terminal normal device at zero
temperature. The electrochemical potentialsare assumed to be [1; and zero at its terminals,
labeled. 1 and 2. For normal systemswe can start from Eq.(6.1) to obtain

1)
(81,81,) = 2B(e?/h) jldl~:{11(1,2)11(2,1)}E
0

2 (]
= 2B(e /h) IdE T11T12
0

Since T, T T;2 = 1, wefind that the shot noisein atwo-terminal deviceis proportional to
T (1- T) whereT isthe transmission from one terminal to the other (thatis, T;;). Since the
current is proportional to T, this means that the noise to current ratio is proportional to (1-T)
and is strongly suppressed in the ballisticlimit when T isclose to one. Thereis experimental
evidence that thisistrue.

]
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Consider next what happensif the second terminal is superconducting (Fig.6.1). We
now have a device with four terminas: (1,e), (1,h), (2,e) and (2,h). The algebra iS more
complicated but we can show from Eq.(6.7) that [6.2]

2
4e- M1
(31;81)) =B—— [dE{ Tyge (1~ Tiesie)+ Tingte( = Trnste) + 2Tiete Tingte Jy  (6:12)

ho E

Eq.(6.12) can be used to study the noisein N-S junctionsfor different bias valuesfrom the
clean limit to the dirty limit by changing the transmission T through the scatterer (see
Fig.6.1) from one to a value much less than one.

Let us now specializeto aclean N-Sjunction (T=0) and see how the noise changes
asthe biasisincreased. In thislimit, Ty,je = Ty, =0 so that Eq.(6.12) simplifiesto

2 BN
(o1,81,) =B 4 J; dE Typ1e(1-Typi1e) (6.13)

Fig.6.2a shows how the noise changes asthe biasisincreased. The overall behavior can be
understood as follows. For electrons with energies E < A, every incident electron is
reflected as a hole (T1h;1e = 1) and thereis no noise. For electrons with energies E > A,
there are two competing processes, Andreev reflection and quasi-particletransmission, so
that Tyn;1¢ # 1 or 0 and the current is noisy. For electrons with E >> A, every electron
incident from the norma region is transmitted as an el ectron like quasi-particleand thereis

no reflection, ordinary or Andreev. Since Tn:1¢ = 0, again there is no noise. The shot
noiseis thus zero if the biasislessthan A, increasesas the biasisincreased above A and

finally saturatesfor large bias. The current on the other hand continuesto increase with bias
since we are adding more and more channels (Fig.6.2b). This is easily :seenfrom the
expression we derived earlier (seeEq.(3.8)); with Tye;1¢ = 0 we have

2¢2
Il = T IdE(l+Tlh;1e) (614)
0

Thus for aballistic NS junction the shot noise to current ratio should increaseat first when
the bias is increased above A, but should decrease as the bias is increased further

(Fig.6.2c). This wasfirst predicted by Khlus using the non equilibrium Green's function
formalism [6.4].
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Normal conductor

ll =0
. . 13 e
Super "
h conductor
=0
-1y HS

Scatterer, T /'

Fig.6.1. A singlemoded N-S junction with a normal scatterer near the
interface having a transmission T less than or equal to one. A clean junction
can be modeled by setting T = 1, while in the dirty limit T << 1.
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7. Relation to the Green's function fornialisni

In this section we will show that for systemsin equilibrium the resultsof scattering
theory are identical to those derived from the equilibrium Green's function formalism
[7.1, 7.21. As we mentioned in the introduction, scattering theory is really a ssimple
extension of the equilibrium theory to non-equilibrium problems, based on the observation
that as long asthere are no inelastic processes, each scattering state remainsin equilibrium
with a particular reservoir. To account for inelastic processes one needs the non-
equilibrium Green's function formalism, which we will not be discussing in this article
[7.3].

The centerpiecedf the scattering theory isthe BAG equation (see Eq.(2.9)) :

H-Ef A {u}__hﬁ {u} 7.1)
A i -ep |l T v '

We will assume equilibrium conditionssuch that the electrochemical potential is constant
everywhere, and Eg is chosen such that the pairing potential is time-independent.
Corresponding to this wave equation one can define a Green'sfunction as follows :

©-(H-Eg) -A Gooxso) | {S(X_xv)} (7.2)
A o+H -Ep] |- Frxxio) 0 |

Here o represents the energy variable defined over the entire complex plane. We will be
using the thermodynamic Green's function defined along the imaginary axis. We have
used - F+ to denote the lower component so as to correspond to the standard notation in the
literature (see for example, Eq.(34.30) of Ref.[7.1]).

Theresultsof scattering theory areformulatedin termsof the eigenfunctions of the
BdG equation

H-E A
el el
A —(H -Ep)| lvm VM

whilein the Green'sfunction formalism they areformulated in terms the Green's functions
G and F* . The equivalence of the two formulationscan be proved by making use of the
standard expression for the Green'sfunction in termsof the eigenfunctions:
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up (1) Uy (1)

G(r,r';0) = 1%[ ©—Ey, (7.4a)
ad —Faro= s MOYMO) (7.4b)

M 0 —-Ep

together with the expansion for the Fermi function as a summation over its polesin the
complex energy plane[7.2]

1 1 ngtee kgT
0( M) eEM/kBT +1 2 nzz_oo i(On _ EM ( )
where w, are the Matsubarafrequenciesdefined as
o, = (2n+1) tkgT (7.6)

We will now illustrate the equivalenceof the two formulationsby considering two
equilibrium quantities that are often calculated, namely, the pairing potential and the
Josephson current.

Pairing potential
In the scattering theory formalism, the equilibrium pairing potentia is given by (see
Eq.(2.20a))

A = —g(r) Y, up(0) vag(r) fo(E pp) (7.7)
M

Substituting for the Fermi function from Eq.(7.6) we obtain

o « [1 g kgT
A(r) = g(r)g uM(r)vM(r)[2 + nzz_w imn—EM]

The summation over 'M' corresponding to the the term (112) is zero because of the
electron-hole symmetry relations(see Eq.(2.15)). Hence,



AR = —gOkgT 3y MOVM®
n=—coc M 10, _EM

Making use of Eq.(7.4b),

A(r) = g(r)kgT Y F'(r.1;im,) (7.8)

whichis the standard result in the Green'sfunction formalism[7.1].

Josephson current
Another example is the equilibrium current density, which is often useful in
evaluating the Josephson current. Using the standard form for the current operator we can
write from Eq.(2.16b)

= h * = =k
I = 2= 3 foExp) [upVup(n) - up () Vuy(r)] (7.7)
2im M

which can be rewritten as

= 5 foEn) [(V-7) umnum(e)]
2im M r=r

As before we substiute for the Fermi function from Eq.(7.6) to obtain

i) = ehkgT n—z+oo - V')ZuM(r)uM(r )]
2im o 10, —Epm P

Making use of Eq.(7.5a), we obtain the standard expression in the Green's function
formalism

k n=+oo — —
PBL ST [@-T)6triog)] 7.8)

n=-—oo

I(r) =
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Summary

(1) Scattering theory provides a rigorous framework for the discussion of transport
phenomena, as long as dissipative effects are unimportant. Under these conditions each
scattering state remainsin equilibrium with a particular contact, and one can use asimple
extension of equilibrium statistical mechanics to evaluate any quantity of interest.

(2) The BdG equation

(H_E¢)  A(rt) ] {u} ) {u}
= ih— (2.5)
A(rt) — (H*-Ep)] LV at v

can be used to construct scattering states in much the same way that the Schrodinger
equation is used in norma mesoscopic systems. H is the standard one-electron Hamiltonian
describing the normal state (see Eq.(2.1). Efisany convenient reference energy. A isthe
"pairing potential" which is non-zero only in the superconducting regions. Inside alarge
superconducting region that is close to equilibrium, the pairing potential can be written as

A(I‘,t) — AO e—iZ u(r)t/h

where Aq is the pairing potential in the bulk superconductor and the electrochemical
potential p(r) is measured with respect to the reference energy Ey. In general, one should
calculatethe pairing potential self-consistentlyfrom Eq.(2.21), but thisis often ignored just
as one often ignores the Poisson equation in normal mesoscopic calculations.

(3) Each scattering state of the non-equilibrium BdG equation is associated with a Fermi
factor fpm given by

far = foBae M) = foBpp+ )= fo(By) (2.18)

where ; is the electrochemical potential in the contact from which the scattering state is
incident, En ¢ IS the energy associated with the electron component of the incident wave,
Em  is the energy associated with the hole component of the incident wave and Ey isthe
averageof the two.



(4) If there is more than one superconducting segment with differing electrochemical
potentials then the problem is analogous to a normal mesoscopic system with an applied
aternatingfield of frequency (11 - u2 )/A But for structures in which the superconducting
segments are at the same potential, we can adapt the results for normal systems to
superconducting systemssimply by replacing each normal lead N with an electron lead Ne
and aholelead Nh, with

MNe = + UN and UNh = = UN

We havetried to illustrate this principle with different examplesin sections 3 - 6.
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APPENDIX A : BdG equation from the BCS Hamiltonian
It is well-known that the BCS Hamiltonian (s= T,!)

H

pes = [dr ZWI(nO H Y (r,t)
S

— Jdrg(r) ‘I’*T'(r,t) ‘I’I(r,t) EFICR SNCUBN WY
can be approximated asHgcs = Hj T Hpf Where
H = [dr [UT(r,t)Ul(r,t)/g(r)] + Jdr [| A(r,t)|2 / g(r)] (A.2)

and H_ = [dr ¥ (r,0)[H+U]¥ (5,0

+ jdr[A(r,t)‘P?(r,t)‘l’l(r,t)+ A*(r,t)‘l’i(r,t)‘I’T(r,t)] (A3)

where the self-consistent fields Ug and A aredefined as

Ut(r,t)= - g(r) <‘I’WIL(r,t) ‘Pi(r,t)> = U;(r,t) (A.4a)
U= - g <‘I’$(r,t) ‘I’T(r,t)> = Ulwo (A.4b)
ad A= - () <‘I’ L0 ‘I’T(r,t)> (A.5)

Weae neglecting expectation valuesof the form <‘{”{ ()Y l(r)> , assuming that there are no

magnetic impurities or paramagnetic effects.

Hmt iSsthe mean-field Harniltonian and H; is the negative of the interaction energy
which has to be added because the self-consistent field method double-counts the
interaction energy. It isaconstant that playsno rolein the dynamics and we will ignoreit in
the following discussion. Note that we are using the Heisenberg representation with time-
dependent operators.
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The difficulty with Hyr is the second term in Eq.(A.3) which involves the product
of creation operators (y+y+) or annihilation operators (y y). "Norma" Hamiltonians
involve creation and annihilation operatorsin pairslike y-+y or y y+.T0 make Hy,s look
like a "normal" Hamiltonian we use a "particle-hole" transformation for the down-spin
operators, leaving the up-spin operators intact :

CD]F(r,t)E\u]F(r,t) and d)i(r,t) =y (r,t) (A.6)

We will show that this transforms Hpy¢ into (Hyac T Hpgg) Where Hy ¢ represents an
inert "vacuum" consisting of afull down-spin band, while

Hpgo= o @L(rY) [H+UT]<I>T(r,t) — [dr (DI(r,t)[H*+U¢] @ (1,1)
+ [dr [A(r,t) SLE0®, (10 + A0 @ (rHD (1) | (A7)

which has the same form as the second quantized Hamiltonian for a set of non-
interacting particles obeying the one-particle wave equation

9 [u H+UT A u
ih— = * * { } (A.8)
Jat {V} A -(H +Up) LV

Thisis dlightly different from the usual BdG equation (see Eq.(2.5)) since the fields UT
and Ul need not be equal in general under non-equilibrium conditions. However, in our

subsequent discussion we will assume spin-independent systems such that UT =
Ulf U and assume that 'U' isincluded as part of H [2.6].

Since Hpyg looks like a "normal” Hamiltonian we can use all the standard
techniques to diagonalize it, cal culate expectation values etc. But let us first show that the

particle-hole transformation (Eq.(A.6)) transforms Hpr (Eq.(A.3)) into (Hyac + Hpag)-

From Egq.(A.3) to Eq.(A.7)
It is convenient to transform from the position representation to a discrete basis
using any complete basisset ¢,,(r) that spans the one-particle, one-spin Hilbert space.
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Yp(r,) = %Cu,T(t) op(r) and ¥ (r,t)= %Cu,l(t) ¢;(r) (A.9)
The mean-field Hamiltonian then takesthe form
Hy = E{: [H+UT]uv C:,T Cyr t uzv [H* +Ui]uv ey 1 cyl

*k

+ 3 [Auv C;,TC:,J, + (A )vu Cv,lcu,T} (A.10)

v
where [H+US]uv = [dronm ([H+Us]¢v(r)) (A.11)
and [Aly = [dr o, (AMDO, D) (A.12)

Note that (see Eq.(A.9)) we are expanding the up-spin field ¥, operator using the set

1

{¢u} and the down-spinfield operator ¥, using the 'time-reversed set' {¢;}. As a

l
result we obtain the "normal™ matrix elements Auv (see Eq.(A.12)). If instead we were to

use the same set { ¢u} to expand both ¥ 1 and ‘I’l we would obtain "abnormal” quantities
of the form [dr ¢;(r)A(r,t)¢i(r).

In terms of the discrete basis set the particle-hole transformation in Eq.(A.6)
corresponds to

+  _ + +
du’T= CM,T’ dH,‘L= Cu,l’ (A13)

Making use of the anti-commutation property ct 1ol + Cy lct 1 = Oy, we can write

Hinf as (Hpgg + Hvac) where

_ + * +
HBdG = 2 [H + UT] v du,T dV,T - 2 [H + Ui’] 1 dH’J’ dv,i
H,V B,

+ * +
+ g [AHV du,TdV,~L + (A )Vu dv,idu’1~i| (A14)
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ad  Hy,.= 2[H*+U¢]uu (A.15)
m

Noting that from Egs.(A.6), (A.9) and (A.13) :

Dg(r,t) = X dy (1) dpu(r) (A.16)
n

we can transform Eq.(A.14) back to the position representationto obtain the expression for
Hpgg Stated earlier in Eq.(A.7).

Bogoliubov transformation
Since Hpqg looks just like the second quantized Hamiltonian for a set of non-
interacting particles obeying the BAG equation, it can be diagonalized ssmply by defining a
new operator y,; asfollows:

Yo = Jdr [uM(r,t)q(r,t) + vM(r,t)C[)I(r,t)]
= [dr [uM(r,t)ﬁ(r,t) + vy (r,) ¥ i(r,t)] (A.17)

Hereuy; and vy are the eigenfunctionsthat diagonalize the BAG equation:

wufot e ]

Note that we are using the Heisenberg representation with time-dependent operators, and
Ep could in general be time-dependent. However, for aregion close to equillibrium A(r, t)

—i2E;t/h

= AO e and Ey, istime-independent.

In terms of this new quasi-particle operator the mean-field Hamiltonian Hy, s takes
the form

Hpe = Hyac+ X Em YmYM (A.18)
M



17

Hyac is the energy of the "vacuum” consisting of a completely full band of down-spin
electrons. On top of this vacuum we create particlesin eigenstatesof the BAG equation with
energies Ey. A BAG quasi-particle represents a superposition of an up-spin electron and a
down-spin hole, as evident from Eq.(A.17). Eq.(A.18) provides aformal justification for
the one-particleinterpretation of the BAG equation (Fig.2.5a).

Excitation picture
The ground state is obtained by filling up al the negative energy states. In the
literatureit iscommon to treat this ground state as the reference:

_ + +
H = Hyact ZEy - XZEyd-vyry+t 2 EyvyTy
EM<O EM<0 M>0

Making use of the anticommutation property of the creation and annihilation operators
+ .
(Ym¥m T YMY;[=1) we can write

+ +
H = Hyset ZEy - XEyvytmt 2 EyvYum¥m
EM<0 EM< M>0

Hg

The first two terms represent the energy Hg of the ground state while the last two terms
givetheenergy of thetwo typesaf excitationsthat can be created by taking a particleout of
the "valence" band (Eyp < 0) or by adding a particle to the "conduction” (Ey > 0) band.
Defining ('c' and 'v' denote conduction and valence band respectively)

+ -
Yyt =YMe  and Yy = My (A.19)
we have H. = Hgt ] s ; Em y;[,r Tprt * y;[ R (A.20)
M~

Eq.(A.20) is the basis for the excitation picture shown in Fig.2.5b commonly used in the
literature.
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APPENDIX B : Expectation values

In this appendix we will derive Eq.(2.13) which gives the expectation value of an
arbitrary one-particle operator and Eq.(2.20) which gives the pair potential. For
converdence, we will not write the 't' dependence explicitly.

Inverse transformation

Eq.(A.17) definesaunitary transformationin a Hilbert space spanned by (r,s) that is

doublethe usua size. We can rewrite Eq.(A.17) compactly as

Yy = 2 Jdrwy,(rs) @7 (r) (B.1)
S
where wy ()= uy (1) and wy(rd)= vy, (1) (B.2)

The functions w(r,s), being eigenvectorsof a Hermitian operator, obey the orthogonality
and completeness relations:

3 [dr wi (19) iy (5,8) = Sy (B.3)
S

and ZW;,I(r',s‘)wM(r,s)= (-8, (B.4)
v ,

Using these propertiesit is straightforward to invert Eq.(B.1)

M= T wy () Ty (B.5)
that is, using Egs.(A.6) and (B.2),

vio= 3 um(D Y3 and w0 = > vm(@) Y (B.6)

Expectation value of a one-particle operator
Consider any one particle operator A(r,r') corresponding to some quantity ‘A'. The
expectation valueisgiven by
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A = <jdrjdr' [‘P}L(r)A(r,r')‘PT(r')+‘}’I(r)A(r,r')‘I’i(r')]>

Using Eq.(B.6) we can write this as

A=Y [drfdr uymAC ) ) { v )
MM
+ 3 Jarfar vpm@AE ) v @) (i ) (B.7)
MM

For a general non-equilibrium state, the quasi-particle states can be occupied arbitrarily,
which will be reflected in arbitrary valuesof the quantity <71\T1 Y™ > If the density matrix

is assumed to be diagonal aswe have done, that is, if
<YIAYM'> = fydym  and <YMYK4’> = (1-fm) dmmr (B.8)

where fy; denotes the occupation factor for the eigenstate 'M'. From Egs.(13.7) and (B.8)
we obtain

A= Y fiy [dr[dr up (AT uy(r)
M
+ ¥ (-fy) [dr [dr v A v(r)
M

whichisthe same asEq.(2.13).
Pairing potential

In appendix A we defined the pairing potential in terms of second quantized
operators (see Eq.(A.5)). Using Eq.(B.6) we can rewrite the pairing potential as

A= g0 T um® vam (1Rm)
N M

Assuming the density matrix to be diagonal (see Eq.(B.8)) we obtain Eq.(2.20).
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C. Useful properties
In this appendix we will derive a few useful properties starting from the BdG

equation .
Sum rule
Z Tie;je(E) + Z Tic;jh(E) = M (E) (C.19)
j j
Z Tinje(E) + 2 Tin;in(E) = Mp(E) (C.1b)
J j
- Tje;ic(E) + ZTjh;ie(E) = Mle(E) (ClC)
j j
2 Tie;in(B) + 2 Tihin(E) = M (E) (C.1d)
j j

Proof : Since the BAG Hamiltonian is Hermitian (see Eq.(2.5)), it conserves the number
of "particles". Thusthe S-matrix relating the particle currentsis unitary and consequently
the transmission coefficients (given by the squared magnitude of the corresponding S-
matrix elements) must obey the sum rules stated above (see p.122, Ref.[1.2])

Symmetry of "conduction" and "valence" bands
The eigenstates of the BdG equation occur in pairs symmetrically about the zero of
energy. Labeling the positiveenergy states as 'c' states and the negativeenergy statesas'v'
states,

E = -E _, u. = —-v_ ., Vv = u (C.2)

Proof : Suppose we have a solution that satisfiesthe BAG equation

E urnc — H+U A uIIlC (C 3)
mc Vmc A* _ (H* + U) Vmc .

with E_ > 0. A little straightforward al gebra shows that
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—Vr:c H+U A —vn*1
~En { }= [ ; : H } (C.4)
Cla” A -(H +U) “;m

u H+U A u
But Emv{ mv} R H mv} (C.5)
Vv = A* -(H +U)} |V

by definition. Comparing Egs.(C.4) and (C.5) we obtain Eq.(C.2).

Electron-hole symmetry
¢ (B =" (-B)* ad s (B)|=[-si(-B)] " (C.6)

Proof : Suppose we have a solution at energy E consisting of a set of incorning waves of

a; exp[+ikex] a exp[—ikex]

the form [ J and aset of outgoing waves of theform L

b; exp[-ikpx] b, exp[+ikyx]).The

amplitudesaf theincoming and outgoing waves are related by the S-matrix at energy E :

(See SehJ { ai} _ {ao} €78
She Shh e bi bO

But we have seen that if (U V) is a solution of the BdG equation at energy E then

(-v* u*)isasolution a energy - E. Hence the solution at energy - E must be given by

. . -b; exp[+ikhx] _
a set of incoming waves and a set of outgoing waves
xa; exp[—ikcx]

by exp[+ikpx] _
. . Thesemust be related by the S matrix a energy - E:
a, exp[—ikex]

*
e Seh _bi

. (=
She Shh e la
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We can rewritethisin theform

hh  _ he 2l ) 2l )
_gch  gee & b;‘ b: )

Comparing Egs.(C.7a,b) we obtain the results stated earlier in Eq.(C.6).

Reciprocity of the S-matrix

@) .= e, (C.8a)
(Sgh(E)] —B.A* = [S.llllh(E)]B A (C.8b)
Tsﬁh(E)] —B.A* = S.%C(E)]B A (C.8¢)

Proof: Suppose (u V) represents a solution to the BAG equation at an energy E such that

{E ) Hop . ] {u} {O}
* * = (C9a)
—A E+Hy, ) LV 0

while (u' V') represents a solution a the same energy E, but with the magnetic field B
reversed (that is, Hop replaced by Hop ) and the pair potential A replaced by A *,

E-Hy,, -A {u'}_ {0}
- A E+Hg, | LV 0

We can rewritethisin theform

{E_Hop " ]{u*} :
-A E+Hgp | |V 0
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Comparing Eqs.(C.9a,b) we see that u* = u and v'* = v. Thismeans that if (u v) isa
solution of the BAG equation with a magnetic field B and pair potential A then (u* v*)is
asolution with amagnetic field -B and pair potential A* (all at the same energy E, which

we will not mention explicitly any more).
Now suppose we have a solution at (B, A) consisting of a set of incoming waves

a, exp[—ikex]
b, exp[+ikhx] '

a; exp [+ikex]

of the form [ ] and a set of outgoing waves of the form [

b; exp[—ikpx]

The amplitudes of the incoming and outgoing waves are related by the S-matrix at energy

s€¢ Seh 1. a
= 1 (C.109
ghe  chh b. b '
+B,A 1 o

But we have just seen that the solution at (-B, A*) must be given by a set of incoming
a: exp[+ikex]
by exp[—ikpx|

a; exp[-ikex]

and a set of outgoing waves
b; exp[+ikpx]

waves { ] (note that the

incoming and outgoing sets have been interchanged due to the complex conjugation). These
must be related by the S-matrix at (-B, A*) :

e Seh az a;"

ghe (b A b; b}"
We can rewrite this in the form (noting that the S-matrix is unitary, so that itsinverseis
equal to itsconjugate transpose)

TEL g

A

Comparing Eqgs.(C.10a,b) we obtain the results stated earlier in Egs.(C.9).
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Symmetry of the linear response coefficients

Tie:;je(B,A) = Tip.jn(B,A) (C.11a)
Tie;jn(B,A) = Tipje(B,A) (C.11b)
Tieje(B,A) = Tieyje(~B,A*) (C.12a)
Tin;jh(B,A) = Tjpin(~B,A*) (C.12b)
Tig;jh(B,A) = Tihie(-B,A¥) (C.12¢)
Mie(B,A) = M;(-B,A*) = Mj(B,A) = M;,(-B,A*) (C.13)
gii(+B,A) = g;;(-B,A") (C.14)

Proof : The linear response transmission functions are related to the corresponding
energy dependent transmission functions by the relation

dfn(E)
Tyy= [dE|- E())E Tij(E)]
E)[1-fo(E
= [dE fo(B) [1-to(E)] Tij(E)] (C.15)
kgT

Noting that the energy-dependent transmission coefficientsare just the squured magnitudes
of the corresponding S-matrix elements and that fo(E) = 1-fo(-E), we can prove
Egs.(C.11a,b) from Eq.(C.6) and Eqgs.(C.12a,b,c) from Eqs.(C.8a,b,c). Eq.(C.13) for
the (thermally averaged) number of modes then followson using the sumrule.

To prove Eq.(C.14) we start from the definition of the conductance matrix (see
Eq.(5.1)), and make use of Egs.(C.11) - (C.13):
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M;(~B,A")8;j — Tig;je(~B,A) + Tipje(-B,A)
M; (+B,A)8; = Tieiie(+B,A) + Tiesin (+B,A)
M;(+B,A)8; — Tiesie(+B,A) + Ty (+B, A)

gii(+B,A)


https://www.researchgate.net/publication/27229445

	Purdue University
	Purdue e-Pubs
	1-1-1996

	Scattering Theory of Transport for Mesoscopic Superconductors
	Supriyo Datta
	Philip F. Bagwell
	M. P. Anantram




